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First-principles interatomic potentials for transition-metal aluminides:
Theory and trends across the 3d series
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In this paper the first-principles generalized pseudopotential theory~GPT! of transition-metal interatomic
potentials@J. A. Moriarty, Phys. Rev. B38, 3199~1988!# is extended toAB binary compounds and alloys. For
general transition-metal~TM! systems, the GPT total-energy functional involves a volume term, central-force
pair potentials, and angular-force multi-ion potentials, which are both volume (V) and concentration (x)
dependent and include allsp, sp-d, andd-d interactions within local density-functional quantum mechanics.
The formalism is developed here in detail for intermetallic systems whereA is a simple metal andB is a
transition metal and applied to the prominent special case of the transition-metal aluminides TMxAl12x , where
sp-d hybridization is especially important. Emphasis is given to the aluminum-rich 3d binary systems for
x,0.30, which appear to be well described at the pair-potential level without angular forces and for which the
present GPT potentials can be used directly in atomistic simulations. Volume terms and pair potentials for all
of the 3d aluminides have been calculated and their behavior with atomic number,V, and x is elaborated
through illustrative applications to the cohesive and structural trends across the 3d series. More extensive
applications to the Co-Al and Ni-Al phase diagrams will be given elsewhere.@S0163-1829~97!03938-6#
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I. INTRODUCTION

For sp-bonded compounds and alloys, the fundamen
theory of bulk interatomic potentials has been well dev
oped from rigorous plane-wave pseudopotential expans
and successfully applied to obtain both solid and liquid pr
erties, including the structural phase diagrams of simp
metal intermetallic systems.1 A corresponding first-principles
theory for d- and sp-d-bonded transition-metal intermeta
lics has heretofore been lacking, although there have b
encouraging successes with simplified semiempirical
proaches, especially for the structurally complex transiti
metal~TM! aluminides.2,3 In addition, a number of importan
aspects of structural phase stability in TM aluminide co
pounds and alloys have been illuminated recently viaab ini-
tio electronic-structure calculations4–8 within the local-
density approximation~LDA ! of density-functional theory.9

At the same time, the essential groundwork has been laid
an ab initio approach to interatomic potentials in TM inte
metallics with the development of generalized pseudopo
tial theory ~GPT!, which provides a fundamental basis f
such potentials in elemental simple and transition me
within the same LDA framework.10–12 The purpose of this
paper is to extend the GPT toAB binary transition-metal
systems, with an emphasis on obtaining first-principles in
atomic potentials for the TM aluminides.

In the GPT a mixed basis set of plane waves and locali
d states is used to expand the electron density and tota
ergy of a TM system in terms of weaksp pseudopotential,
sp-d hybridization, andd-d tight-binding matrix elements
In a real-space formulation, the derived interatomic pot
tials become well-defined functionals of these matrix e
560163-1829/97/56~13!/7905~13!/$10.00
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ments and all quantities may be evaluated directly from fi
principles without any external input. For an elemental bu
transition metal, the GPT provides a rigorous expansion
the total energy in the form12

Etot~R1 , . . . ,RN!5NEvol~V!1
1

2(i , j
8 v2~ i j !

1
1

6 (
i , j ,k

8 v3~ i jk !1
1

24 (
i , j ,k,l

8 v4~ i jkl !,

~1!

whereR1 , . . . ,RN denotes the positions on theN ions in the
metal,V is the atomic volume, and the prime on each su
over ion positions excludes all self-interaction terms wh
two indices are equal. The leading volume term in this e
pansionEvol as well as the two-, three-, and four-ion inte
atomic potentialsv2 , v3 , andv4 are volume dependent bu
structure independentquantities and thustransferableto all
bulk ion configurations. At constant volumeV, the radial-
force pair potentialv2 is a one-dimensional function of th
ion-ion separation distanceRi j 5uRi2Rj u:

v2~ i j !5v2~Ri j ;V!, ~2!

while the angular-force triplet potentialv3 and quadruplet
potentialv4 are, respectively, the three- and six-dimensio
functions

v3~ i jk !5v3~Ri j ,Rjk ,Rki ;V! ~3!

and
7905 © 1997 The American Physical Society
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7906 56JOHN A. MORIARTY AND MIKE WIDOM
v4~ i jkl !5v4~Ri j ,Rjk ,Rkl ,Rli ,Rki ,Rl j ;V!. ~4!

The nature of these functionals is complex and reflects
material-dependent electronic band structure of the meta
cluding the effects of partiald-band filling and self-
consistent electron screening. Detailed expressions and
culated results for the 3d and 4d transition metals are given
in Ref. 12. As in the case ofsp-bonded simple metals, wher
angular forces become unimportant, thesp pseudopotentia
contributions to the total energy are retained only to the p
potential level, i.e., forEvol andv2 . Thus the multi-ion po-
tentialsv3 andv4 reflectsp-d hybridization andd-d tight-
binding contributions and the angular forces for transit
metals are a direct result of thesed-state interactions. In
general, both the pair potentialv2 and the multi-ion poten-
tials v3 andv4 are long ranged with aysmptotic Friedel-lik
oscillations arising fromsp-d hybridization as well as elec
tron screening. The sign and amplitude of the potentials
short range, on the other hand, strongly reflectd-band filling,
with typically v2 attractive,v3 repulsive, andv4 oscillatory.

The transition-metal GPT formalism readily folds dow
into simpler forms in the special cases of completely em
or filled d bands encountered in pre- and post-transit
metals.10,11 This includes the limiting simple-metal case a
propriate to aluminum. In the transition-metal limit, se
consistent electron-density constraints establish the bal
between thesp-band occupation per atom or valenceZ and
the d-band occupation per atomZd , resulting in partial
d-band filling and the multi-iond-state interactions. In the
simple-metal limit, on the other hand,Z is fixed by the
chemical valence of the element in question,Zd→0 or 10 as
appropriate, and thesp-d hybridization and d-d tight-
binding interactions become negligible. Any remaini
d-state contributions are absorbed into the nonlocal pseu
potential, and the simple-metal GPT, which is carried to
level of v2 in Eq. ~1!, becomes a refined version of the co
ventional plane-wave pseudopotential perturbation theor1

For transition-metal compounds and alloys, one m
readily anticipate the broad features a multicomponent ex
sion of the GPT must accommodate. We specifically c
sider anAB binary system with concentrationscA5NA /N of
A metal atoms andcB5NB /N of B metal atoms and intro
duce the single concentration variable

x[cB512cA . ~5!

From general considerations, one can expect that both
volume term and the interatomic potentials in Eq.~1! will
become concentration dependent as well as volume de
dent. Thus, for example,

Evol~V!→Evol~V,x! ~6!

in a binary intermetallic system, withV and x as indepen-
dent variables. The appropriate multiplicity of interatom
potentials must also be accommodated, so that in gen
there are three independent two-ion pair potentials

v2→v2
AA,v2

AB,v2
BB, ~7!

four independent three-ion triplet potentials

v3→v3
AAA,v3

AAB,v3
ABB,v3

BBB, ~8!
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and five independent four-ion quadruplet potentials

v4→v4
AAAA,v4

AAAB,v4
AABB,v4

ABBB,v4
BBBB. ~9!

In addition, self-consistent electron-density constraints m
now be satisfied, which link thesp valencesZA andZB with
the d-band occupationsZd

A andZd
B as functions of both vol-

ume and concentration. The general case is conseque
quite complicated and requires the complete specification
two sets of localizedd states for the two constituents and th
calculation of all appropriated-d cross terms. While there is
no difficulty in setting up the formalism for this case, as y
the corresponding computational capability does not ex
We shall therefore narrow our focus to the formally simp
case of anAB intermetallic system where theA component
is a simple metal, with fixedZA andZd

A , and theB compo-
nent is a transition metal, with variableZB and Zd

B . In the
spirit of the elemental GPT, we retain only the pair potenti
v2

AA , v2
AB , and v2

BB and the multi-ion potentialsv3
BBB and

v4
BBBB in this case. Moreover, we may anticipate that f

sufficiently smallx the latter remaining multi-ion potential
will also be negligible and a good description of the syst
can be obtained at the pair-potential level without angu
forces.

The prototype systems to which the present formali
applies are the transition-metal aluminides TMxAl12x . The
aluminides are both of technological interest as hig
temperature structural materials with desirable mechan
properties and of basic scientific interest because of the c
plex phases these materials form and their intimate conn
tion to quasicrystals. With regard to mechanical propert
LDA electronic-structure methods have been applied toB2
compounds to calculate the elastic moduli of CoAl~Ref. 13!
and point-defect properties of FeAl and NiAl,14 while em-
pirical embedded-atom-method~EAM! potentials have been
used for more general studies of defects in Ti-Al and Ni-
compounds, including calculations of vacancies, gr
boundaries, and dislocations.15–17 With regard to complex
phases, semiempirical pair potentials, based on mo
pseudopotential and hybridization interactions, have hel
to explain the appearance of some of these phase
aluminum-rich systems,2,3 while semiempirical tight-binding
~TB! potentials have been used to study the structure of
responding liquid alloys.18 Unlike the EAM and TB poten-
tials, however, the pair potentials contain the expected lo
ranged oscillatory tails, which are really essential to acco
for the complex aluminide phases in the solid.

The semiempirical aluminide pair potentials2,3 are also
qualitatively similar to the present GPT pair potentials a
may be viewed as a highly simplified version of the latt
The former potentials were most completely developed
Phillips et al.3 in the case of Co-Al for application to th
aluminum-rich phase diagram. These potentials are base
a two-parameter local pseudopotential treatment of thesp
interactions and a three-parameter model Hamiltonian tr
ment of thesp-d hybridization that neglects nonorthogona
ity effects. No attempt was made, however, to treat dir
d-d interactions, the volume and concentration depende
of the potentials, nor self-consistent electron screening
contrast, the present first-principles GPT explicitly includ
the additional features of nonlocal pseudopotentials and
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rect d-d interactions, as well as full treatments ofsp-d hy-
bridization, self-consistent electron screening, and the
ume and concentration dependence of the total energy.
expect, therefore, that a wide variety of aluminide proper
can eventually be treated with the GPT, including defe
structural phase stability, lattice vibrations, melting, and l
uid structure. More generally, the GPT pair potentials sho
be readily applicable to both static and dynamic simulatio
of materials properties.

The outline of this paper is as follows. In Sec. II we fir
establish the self-consistent electron-density constraints
must be satisfied by ourAB intermetallic system and appl
these conditions to the 3d aluminides. Next in Sec. III we
outline the formalism for the GPT interatomic potentials a
use this formalism to calculate 3d aluminide potentials as a
function of atomic number, volume, and concentration. Th
in Sec. IV we use the calculated potentials to address
basic cohesive and structural trends across the 3d series and
thereby demonstrate the promise of the GPT for alumin
phase diagrams. We conclude in Sec. V, with additio
technical details on the GPT formalism given in the Appe
dix.

II. SELF-CONSISTENT ELECTRON-DENSITY
CONSTRAINTS

To extend the GPT formalism to binary intermetallic
one must first ensure that the basic conditions of electr
density continuity are satisfied. For a given average ato
volume V, the zeroth-ordersp electron density of the sys
tem isZ/V, whereZ is the concentration-weighted averag

Z5cAZA1cBZB5~12x!ZA1xZB , ~10!

with ZA and ZB the respectivesp valences of theA and B
components. It is also useful to define individual atomic v
umesVA andVB such that

V5cAVA1cBVB5~12x!VA1xVB ~11!

and

Z/V5ZA /VA5ZB /VB . ~12!

In analogy with the elemental GPT, the parameter pa
ZA ,VA andZB ,VB define zeroth-order pseudoatoms for t
A and B components, respectively. These pseudoatoms
self-consistentA- and B-metal ions that have been neutra
ized by the common uniform electron gas and establish p
erly shifted inner-core andd-state energy levels and corre
sponding basis functions that are needed in the full G
formalism. Physically, one may think of theA- andB-metal
pseudoatoms as being expanded or contracted from the
emental bulk sizes to ensure that Eq.~12! is satisfied. For
nontransition-metal systems, whereZA and ZB are fixed
quantities, it is, of course, a simple matter to satisfy E
~10!–~12! directly. In transition-metal systems, on the oth
hand, whereZA and/orZB are volume and concentration d
pendent, the situation is considerably more complex. For
case of primary interest in this paper, whereA is a simple
metal andB is a transition metal, one must simultaneous
satisfy the equilibrium conditions between thesp valenceZB

andd-electron occupation numberZd
B for the B-metal com-
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ponent, as given by Eqs.~66!–~68! of Ref. 12. These condi-
tions link ZB and Zd

B through the Fermi leveleF and the
l 52 phase shiftd2 associated with theB site and can be
written

Zd
B5

10

p
d2~eF!, ~13!

eF5
\2

2mS 3p2Z

V D 2/3

, ~14!

which can also be expressed in the familiar for
Z5kF

3V/3p2, where kF is the corresponding Fermi wav
number, and

ZB1Zd
B5Za

B2Zc
B , ~15!

where Za
B is the atomic number andZc

B is the number of
inner-core electrons of theB-metal ion. The Fermi energyeF
and the phase shiftd2 both depend on the intermetallic en
vironment, soZB andZd

B will be shifted away from their bulk
values. For given values ofV, x and ZA , Eqs. ~10!–~15!
represent seven equations in seven unknowns and mus
iterated numerically, via theA- andB-metal pseudoatoms, to
achieve a self-consistent solution. An efficient strategy
accomplish this is discussed in the Appendix, together w
technical details on how the pseudoatom calculation is mo
fied in the binary intermetallic case. The primary modific
tion concerns the common location of the zero of energy
the valence-band minimum, which becomes concentra
dependent in the alloy. We also now use the very accu
exchange-correlation parametrization of Voskoet al.19 in
place of the Hedin-Lundqvist parametrization20 used in Refs.
10–12.

Figures 1 and 2 illustrate the calculated changes inZB and
VB , respectively, for the 3d TM aluminides in going from
the bulk transition-metalx51 limit to the aluminum-rich
dilute-alloy x50 limit. These results have been obtained
the observed equilibrium volumes (V5V0) of the 3d metals
for x51 and of Al forx50. Quantitative values are listed i
Table I and calculational details are discussed in the App
dix. In the bulk transition metals,ZB'1.5 across the 3d
series. Bulk aluminum, on the other hand, withZA53 has a

FIG. 1. Transition-metal valenceZB for the 3d aluminides
TMxAl12x in the x51 andx50 concentration limits.
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7908 56JOHN A. MORIARTY AND MIKE WIDOM
considerably highersp electron density than any of the tran
sition metals. When a transition metal is added to aluminu
therefore, we expectZB to rise and/orVB to decrease in
order to create a higher density. As shown in Figs. 1 and
both of these changes actually occur atx50, with the biggest
quantitative impact on the left-hand side of the 3d series
where ZB.2 for Sc through Mn andVB is dramatically
reduced for Sc and Ti. More generally, the increase inZB in
the TM aluminides is balanced by a corresponding decre
in Zd

B , which in turn is provided by the TMd bands rising in
energy, broadening, and unfilling in the alloy.

While the volumeV and concentrationx are independen
variables, there is, of course, a high correlation betweex
and theequilibriumvolumeV0 observed in alloys and com
pounds. Approximate relations linkingV0 and x are often
useful for preliminary calculations or in cases where data
particular phases do not exist. We mention here one s
relation that is appropriate to the aluminides on t
aluminum-rich end wherex is small. This relation derives
from Eq. ~11! by making a simple Taylor-series expansi
about x50, noting that in typical casesdVA /dx!VA for
small x, and then using Eq.~12!:

V05@12~12ZB
0/ZA

0 !x#VA
0 , ~16!

FIG. 2. Transition-metal atomic volumeVB for the 3d alu-
minides TMxAl12x in the x51 andx50 concentration limits.

TABLE I. Valences and atomic volumes for the 3d aluminides
TMxAl12x in thex51 andx50 concentration limits, with volumes
in a.u. For Al,ZA53 at allx andVA5112.0 a.u. atx50. At x51,
Z5ZB andV5VB ; at x50, Z5ZA andV5VA . For conversion
of volumes to Å3 units,V(Å3)50.148 18 V~a.u.!.

x51 x50
TM ZB VB VA ZB VB

Sc 1.616 168.7 313.2 2.190 81.74
Ti 1.515 119.2 236.0 2.408 89.87
V 1.424 93.23 196.4 2.339 87.34
Cr 1.410 80.94 172.3 2.196 81.99
Mn 1.482 83.16 168.3 2.047 76.42
Fe 1.472 79.47 162.0 1.912 71.34
Co 1.461 75.10 154.2 1.800 67.19
Ni 1.484 73.82 149.3 1.733 64.69
Cu 1.651 79.68 144.8 1.805 67.37
,

2,

se

n
ch

where ZB
0 is ZB evaluated atx50, ZA

053, andVA
05112.0

a.u. ~16.60 Å3), the observed equilibrium volume of Al
Physically, this result is, apart from the replacement ofZB

with ZB
0 , equivalent to the condition of constant electro

densityZ/V, as was suggested by Phillipset al.3 as an ap-
propriate criterion for Co-Al phases. Equation~16! can be
applied more generally, however, and is sometimes usefu
the rangex,0.30.

Finally, it should be pointed out that while our descriptio
of the zeroth-order electron density in TM compounds a
alloys is internally consistent, any definition of a transitio
metal valenceZB in a condensed-matter system is meth
dependent and consequently not entirely unique. In fact,
subject has historically been approached in a rather diffe
way for many aluminum-rich TM aluminides. These syste
have often been treated as classic Hume-Rothery al
whose stability is presumed to arise from the interaction o
set of dominant Bragg reflection planes with a nearly-fre
electron Fermi surface. In this context, an effecti
transition-metal valenceZB

eff can be defined, in our notation
as

ZB
effx5Zeff2ZA~12x!, ~17!

where Zeff5(kF
eff)3V0/3p2 is the number of valence elec

trons contained within a free-electron Fermi sphere of rad
kF

eff just touching the Bragg planes in question. ThuskF
eff is

equated toK/2, which is one-half the magnitude of the re
ciprocal lattice vector defining these planes. This appro
has been developed by Raynor21 and by others. It leads to th
interesting prediction of negative values forZB

eff , typically in
the range21 to 23, and thus to the concept of a negati
effective TM valence in these alloys. The apparent con
diction between suchlarge and negativevalues ofZB

eff and
our large and positivevalues ofZB can be readily explained
however. For this one must take into account the import
role of the TM d states on the electronic structure of the
systems. This role has recently been discussed by Tram
de Laissardie`re et al.8 on the basis of LDA calculations
which are, in fact, commensurate with our GPT treatment
demonstrated in Sec. IV below. These studies confirm
there is a substantial contribution to the electronic struct
from the TMd states and, in particular, near the Fermi lev
sp-d hybridization contributes to the formation of mor
complex pseudogaps in the density of states than envisa
in a simple Hume-Rothery model. This has the effect of bl
ring the meaning ofZeff in Eq. ~17!, so that there is no
precise quantitative relationship betweenkF

eff and K. Quali-
tatively at least, Friedel22 has argued thatkF

eff.K/2, which is
significant because at smallx, ZB

eff is clearly very sensitive to
kF

eff . For example, atx50.2 an increase of less than 10%
kF

eff is needed to increaseZB
eff by 14. Moreover, there is no

theoretical or experimental evidence for the large transfe
electrons fromsp states to TMd states implied by a large
negative TM valence, although as pointed out by Trambly
Laissardie`re et al. there are extrasp states induced below th
Fermi level bysp-d hybridization that could accommodat
the transfer. At the same time, the presence of such st
further indicates thatZeff in Eq. ~17! is not accounting for the
entiresp valence population, as is the case in the definitio



ts

on
ha

ol

ie
e

tio
a
o
a

tu

ee
g

ntity
trix
d

etal
ion

hy-
ix.

rgy

t

ribe
a-

r

iled
he

tly

ed
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of Z and ZB in the GPT. Consequently, one fully expec
Z.Zeff and, depending on the value ofkF

eff chosen, either
ZB.ZB

eff or ZB@ZB
eff .

III. GPT INTERATOMIC POTENTIALS

The real-space total-energy functional of a generalAB
intermetallic system can be written

Etot~R1 , . . . ,RN!5NEvol~V,x!

1
1

2 (
a,b5A,B

(
i , j

8 v2
ab~Ri j ;V,x!1•••,

~18!

where by symmetryv2
BA5v2

AB in the two-ion contributions
and the ellipsis represents three- and four-ion contributi
that are generalized similarly. Here it is understood t
Ri j 5uRi$a%2Rj$b%u, so that the sums overi and j are only
over sites occupied by the atomic speciesa andb, respec-
tively. In this section we discuss the specific forms the v
ume termEvol and interatomic potentialsv2

ab , etc., assume
whenA is a simple metal andB is a transition metal.

The volume termEvol is most readily expressed as a ser
of contributions that are explicitly linear or quadratic in th
concentration variablescA andcB :

Evol5cAE1
A1cBE1

B1cA
2E2

AA1cAcBE2
AB1cB

2E2
BB1dEvol

5~12x!E1
A1xE1

B1~12x!2E2
AA1~12x!xE2

AB

1x2E2
BB1dEvol , ~19!

where all energiesE1
a andE2

ab , with a,b5A or B, retain a
volume dependence and an additional implicit concentra
dependence anddEvol is a small residual contribution with
more complex concentration dependence. Each linear c
ponentE1

a may be further broken down into a large pseudo
tom cohesive-energy contributionEcoh

pa,a , as introduced for
the elemental metal in Ref. 12, and a smaller band-struc
contributiondE1

a :

E1
a5Ecoh

pa,a1dE1
a . ~20!

For the simple-metalA component,

Ecoh
pa,A5Efe

A1
2V

~2p!3E
k,kF

wpa
A ~k!dk2Ebind

atom,A~ZA!, ~21!

while for the transition-metalB component,

Ecoh
pa,B5Efe

B1Evol
d 1

2V

~2p!3E
k,kF

wpa
B ~k!dk2Ebind

atom,B~ZB!

1Eprep. ~22!

HereEfe
a is the free-electron energy of componenta,

Efe
a 5

3

5
ZaeF1Zaexc2

3

5
~Zae!2/RWS

a 1ZV08 , ~23!

whereexc is the exchange and correlation energy of the fr
electron gas,RWS

a is the Wigner-Seitz radius correspondin
to the atomic volumeVa @i.e.,Va54p(RWS

a )3/3], andV08 is
s
t

-

s

n

m-
-

re

-

a constant that determines the zero of energy. The qua
wpa

a (k) is an appropriate plane-wave pseudopotential ma
element for componenta, as defined in the Appendix, an
Evol

d is the transition-metald-state contribution

Evol
d 5Zd

B~eF2Ed
vol,B!2

10

p E
0

eF
d2~E!dE, ~24!

whereEd
vol,B is the volume component of theB-metald-state

energyEd
B , which denotes the position of thed bands in the

alloy. The quantityEbind
atom,a(Za) is the binding energy of the

Za s andp valence electrons in the free atom, whileEprep is
the preparation energy required to take the transition-m
free atom from its ground state to the same configurat
employed in the alloy with valenceZB . The remaining band-
structure energiesdE1

a in Eq. ~20! andE2
ab anddEvol in Eq.

~19! arise mostly from higher-order pseudopotential and
bridization contributions and are discussed in the Append
As was demonstrated in Ref. 12,Ecoh

pa,B alone already pro-
vides a good description of the equilibrium cohesive ene
of pure transition metals in thex51 limit. This is somewhat
less true, however, ofEcoh

pa,A for polyvalent simple metals
such as Al, wheredE1

A and E2
AA together contribute abou

one-third of the cohesive energy in thex50 limit. In gen-
eral, one needs full calculations ofEtot , including both the
volume and structural contributions, to adequately desc
the cohesive energy, equilibrium volume, and heat of form
tion in TMxAl12x compounds and alloys.

The AA or simple-metal pair potential has the familia
form of a screened Coulomb potential

v2
AA~r ;V,x!5

~ZA* e!2

r F12
2

pE0

`

FN
AA~q;V,x!

sin~qr !

q
dqG ,

~25!

whereZA* is an effective valence andFN
AA is a normalized

energy-wave-number characteristic that embodies deta
electronic band-structure effects in the alloy including t
self-consistent electron screening. The quantityFN

AA is given
by

FN
AA~q;V,x!52

q2V

2p~ZA* e!2 Fss
AA~q;V,x!, ~26!

where, in the general case,

Fss
ab~q;V,x!5

2V

~2p!3E
k,kF

wa~k,q!wb~k,q!

ek2ek1q
dk

2
2pe2V

q2 $@12G~q!#nscr
a ~q!nscr

b ~q!

1G~q!nOH
a ~q!nOH

b ~q!%, ~27!

with a5b5A in Eq. ~26!. Here the quantities

wa~k,q![^k1quwauk& ~28!

are plane-wave matrix elements of the self-consisten
screened atomic pseudopotential for componenta. The
quantityG(q) is the exchange-correlation functional defin
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in Ref. 10. As in Ref. 12, we use the analytic expression
G(q) developed by Ichimaru and Itsumi,23 except thatG is
now referenced to the exchange-correlation energy of Vo
et al.19 rather than that of Hedin and Lundqvist20 as done
previously. The quantitiesnscr

a and noh
a are screening and

orthogonalization-hole contributions to the electron dens
from componenta. In real space, the orthogonalization-ho
densitynoh

a represents a depletion of electron density fro
the core region of eacha site. The corresponding effectiv
valenceZa* is defined to exactly compensate this depletio

Za* 5Za2E noh
a ~r !dr , ~29!

with a5A in Eqs.~25! and~26!. Additional technical details
concerning the above equations are given in the Append

The behavior ofv2
AA is illustrated in Fig. 3 for CoxAl12x

at various concentrationsx. In each case the potential ha
been evaluated at either the observed or estimated equ
rium volumeV0 . At x50, v2

AA is the pair potential for pure
elemental Al. This result displays the characteristic featu
of a repulsive shoulder at near-neighbor distances and
oscillatory structure beginning at intermediate distanc
which become the usual Friedel oscillations at long ran
For x50.25, the potential is almost unchanged and this
flects the near constancy of the electron densityZ/V0 for
small x. Even forx50.5 the potential is only modestly af
fected, with a slightly more repulsive shoulder and co
tracted oscillations reflecting a somewhat higher elect
density. Atx51, however, the repulsive shoulder has dev
oped into a clear local minimum in the potential and t
oscillatory field has been pushed out to larger distances.
behavior is a direct consequence of the large atomic volu
VA that Al is forced to assume in this limit, as was discuss
above.

TheAB pair potential between the simple- and transitio
metal components has the form

FIG. 3. The Al-Al pair potentialv2
AA in CoxAl12x at four values

of concentrationx. In each case, the potential is evaluated at
observed or estimated equilibrium atomic volumeV0 .
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v2
AB~r ;V,x!5

ZA* ZB* e2

r F12
2

pE0

`

FN
AB~q;V,x!

sin~qr !

q
dqG ,
~30!

whereFN
AB is given by

FN
AB~q;V,x!52

q2V

2pZA* ZB* e2 @Fss
AB~q;V,x!1Fsd

AB~q;V,x!#,

~31!

with Fss
AB given by Eq.~27! for a5A andb5B and with

Fsd
AB~q;V,x!5

2V

~2p!3E wA~k,q!h11
B ~k,q!

ek2ek1q
dk. ~32!

The quantityh11
B represents a directsp-d hybridization in-

teraction that is given in the Appendix. This contributio
plus the indirect hybridization contributions throughnscr

B and
noh

B , have a large impact on the shape and magnitude of
pair potentialv2

AB . This is illustrated in Fig. 4, wherev2
AB for

CoxAl12x is plotted at the same concentrationsx as in Fig. 3.
The characteristic features ofv2

AB are a large attractive po
tential well near 4.5 a.u.~2.4 Å! and a long-range oscillatory
structure that is in phase with but of larger magnitude th
that of v2

AA . The concentration dependence ofv2
AB is also

very similar to that ofv2
AA , with very little effect on the

potential for smallx, but a deepening of the potential we
and an expansion of the oscillatory field atx51.

Finally, theBB or transition-metal pair potential has th
form

v2
BB~r ;V,x!5

~ZB* e!2

r F12
2

pE0

`

FN
BB~q;V,x!

sin~qr !

q
dqG

1vol
BB~r ;V,x!, ~33!

whereFN
BB is given by

e

FIG. 4. The Co-Al pair potentialv2
AB in CoxAl12x under the

same conditions as in Fig. 3.
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FN
BB~q;V,x!52

q2V

2p~ZB* e!2 @Fss
BB~q;V,x!12Fsd

BB~q;V,x!

1Fdd
BB~q;V,x!#, ~34!

with Fss
AB given by Eq.~27! for a5b5B, Fsd

BB given by Eq.
~32! with A replaced byB, and

Fdd
BB~q;V,x!5

2V

~2p!3E h21
B ~k,q!

ek2ek1q
dk. ~35!

Hereh21
B represents a second, relatedsp-d hybridization in-

teraction that is also defined in the Appendix. The poten
v2

BB has the same formal structure as the result for pure t
sition metals. The additional overlap potentialvol

BB contains
all direct d-d interactions between ions and is given by E
~142! of Ref. 12. Thed-state band-structure component
vol

BB has the form

v2
d,BB~Ri j ;V,x!

5
2

p
Im E

0

eF
ln@det~ I 2Ti j Tji !#dE

52
2

p
Im E

0

eF
Tr@Ti j Tji 1

1
2 ~Ti j Tji !

21•••#dE, ~36!

whereTi j is the energy dependent, 535 d-state matrix that
couples sitesi and j , as defined in Eq.~90! of Ref. 12. This
component embodies a significant bonding contribution a
ing from the partially filledd bands and leads to a strong
attractive pair potentialv2

BB at short range, as illustrated i
Fig. 5 for CoxAl12x . Although a very deep potential we
develops inv2

BB below 4 a.u.~2.1 Å! for CoxAl12x and other
central-transition-metal systems~e.g., see Fig. 14 of Ref. 12!,
this well is not actually physically accessible. At smallx,
TM near-neighbor distances are sufficiently large so as
avoid the short-ranged part ofv2

BB entirely, while at largerx,
the attractive well ofv2

BB is compensated for by repulsiv
multi-ion interactions at short range arising fromv3

BBB and

FIG. 5. The Co-Co pair potentialv2
BB in CoxAl12x under the

same conditions as in Fig. 3.
l
n-

.

-

to

v4
BBBB. At longer range,v2

BB develops a qualitatively simila
oscillatory structure tov2

AB but with larger-amplitude oscil-
lations. The concentration dependence ofv2

BB is also very
similar to that of bothv2

AB andv2
AA .

Thev2
AA Al-Al, v2

AB Co-Al, andv2
BB Co-Co potentials are

compared atx50.25 in Fig. 6. The increase in energy sca
in going from v2

AA to v2
AB to v2

BB is typical of the central
transition metals. The variation ofv2

BB with atomic number
in the pure 3d transition metals is illustrated in Fig. 14 o
Ref. 12. At the ends of the series in Sc and Ni,v2

BB at short
range is substantially reduced in magnitude and beco
comparable tov2

AB , while in the extreme limit of Cu all three
potentials are reduced to the same energy scale asv2

AA . At
the same time, the first minimum inv2

BB for Sc, Ni, and Cu
also moves outward to the vicinity of a bulk nearest-neigh
distance and in CuxAl12x the first minimum in bothv2

AB and
v2

BB is raised to positive energy, as shown in Fig. 7 atx50.
The variation ofv2

AB with atomic number in the 3d alu-

FIG. 6. The Al-Al potentialv2
AA, the Co-Al potentialv2

AB , and
the Co-Co potentialv2

BB for CoxAl12x at a concentrationx50.25.

FIG. 7. The Al-Al potentialv2
AA, the Cu-Al potentialv2

AB , and
the Cu-Cu potentialv2

BB for CuxAl12x in the dilute alloyx50 limit.
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7912 56JOHN A. MORIARTY AND MIKE WIDOM
minides from Sc to Ni is illustrated in Fig. 8 atx50. Note
that the position of the first minimum in this potenti
steadily decreases in distance across the series from a
5.8 a.u.~3.1 Å! in Sc to about 4.5 a.u.~2.4 Å! in Ni. This
clear trend has important structural consequences for smx
compounds and alloys, as we will discuss in Sec. IV.

As with the transition-metal pair potentialv2
BB , the multi-

ion potentialsv3
BBB and v4

BBBB have identical formal struc
ture to those in the pure metal. These latter potentials
dominated by theird-state components and are approxima
in the GPT by the multi-ion generalizations ofv2

d,BB , as
given by Eqs.~106! and~107! of Ref. 12. In the applications
discussed below,v3

BBB is calculated in the form

v3
BBB~Ri j ,Rjk ,Rki ;V,x!5

2

p
Im E

0

eF
Tr@Ti j TjkTki

1TikTk jTji 2~Ti j Tji TikTki

1TjkTk jTji Ti j

1TkiTikTk jTjk!#dE, ~37!

which is truncated at fourth order in theTi j . The behavior of
v3

BBB across the 3d series for the pure transition metals

FIG. 8. The TM-Al potentialv2
AB across the 3d series for

TMxAl12x aluminides in the dilute alloyx50 limit. ~a! Sc, Ti, V,
and Cr;~b! Mn, Fe, Co, and Ni.
out

l-

re
d

illustrated in Fig. 18 of Ref. 12. This behavior is made co
plex by thesp-d hybridization, which introduces significan
oscillatory structure into the potential. For the separatio
Ri j 5Rjk51.8RWS shown in the figure,v3

BBB is largely repul-
sive for the central transitions metals but attractive for Sc a
for the late members of the series. At somewhat shorter s
rations, where the directd-d interactions dominate,v3

BBB

tends to become more repulsive in nature, especially for
central transition metals.

IV. TRENDS IN COHESION AND STRUCTURE

In this section we consider a few illustrative applicatio
of the above GPT formalism to the problems of cohesion a
structure in the 3d aluminides. Our primary intent here is t
demonstrate the expected capabilities and promise of
theory in these areas. We plan to provide more extens
tests of the Co-Al and Ni-Al pair potentials elsewhere, whe
the structural phase diagrams of these materials will be c
sidered in detail.

At the pair potential level, the present theory can prov
reliable estimates of the cohesive properties of transiti
metal aluminides for concentrationsx,0.30. We expect
such calculations, in fact, to be similar in quality to full LDA
electronic-structure results. At the same time, the simplifi
GPT total-energy functional~18! permits one to conside
complex structures without difficulty, including the full re
laxation of all internal coordinates. We illustrate these ca
bilities here by considering the cohesive properties of Al9Co2
in its observed monoclinic phase with 22 atoms per prim
tive unit cell and corresponding tox50.1818. In Fig. 9 we
have plotted the volume dependence of the cohesive ene
Ecoh5Etot /N both with and without relaxation of all atomi
positions in the unit cell. Relaxation, which is accomplish
through a conjugate-gradient method to be described e
where, lowers the energy by about 0.01–0.02 eV/atom n
equilibrium. In calculating the pair-potential contributions
Ecoh in Eq. ~18!, we have dealt with the long-range Fried

FIG. 9. Volume dependence of the cohesive energyEcoh for
monoclinic Al9Co2 obtained both with and without relaxation of it
22-atom unit cell. Symbols represent calculated points, while
solid and dashed lines are analytic fits to these results.
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tails of the potentialsv2
ab by everywhere imposing a cutof

at a distance of 8.25RWS, whereRWS is the Wigner-Seitz
radius corresponding to the atomic volumeV @i.e.,
V54pRWS

3 /3]. This procedure provides adequate conv
gence and a smooth volume dependence toEcoh. The same
procedure has also been used in all remaining calculat
discussed below, except as noted.

The calculated equilibrium cohesive properties of Al9Co2
are tabulated in Table II and compared with experiment24–26

and also with previous LDA calculations obtained from t
linear muffin-tin orbital ~LMTO! method in the atomic-
sphere approximation~ASA! for the observed~unrelaxed!
structure.8 Listed are the cohesive energyEcoh; the heat of
formationDH, as calculated fromEcoh and the cohesive en
ergies of Co and Al via the relation

DH5Ecoh2xEcoh
Co 2~12x!Ecoh

Al ; ~38!

the equilibrium atomic volumeVeq; and the bulk modulus
B. The agreement between theory and experiment is g
and for the fully relaxed GPT calculations, the equilibriu
volume is obtained to within about 5% of the observed val
The very close agreement obtained for the heat of forma
DH, on the other hand, may be somewhat fortuitous. T
quantity depends significantly on the value of the transiti
metal cohesive energyEcoh

Co used for pure Co in Eq.~38!. We
have calculated this quantity at the pair-potential level,
done for the other contributions, but this leads to an ove
timate of its magnitude. We expect that the net effect of
neglected multi-ion contributions would be to lower th
magnitude ofEcoh

Co and consequently raise the magnitude
DH. This expectation is also consistent with the larger m
nitude ofDH obtained in the LMTO-ASA calculations.

We have also examined the cohesive and structural tre
across the 3d series in the special case of the transition-me
trialuminides Al3TM corresponding tox50.25. These re-
sults are plotted in Figs. 10 and 11. Here we have consid
five candidate structures: cubicL12 with four atoms per pri-
mative unit cell, tetragonalD022 with four atoms per cell and
an idealc/a ratio of 2.0, cubicD03 with four atoms per cell,
cubic A15 with eight atoms per cell, and orthorhombicD011
with 16 atoms per cell. Among these five structures, the p
dicted structural sequence across the 3d series is
L12→D022→D011 and the lowest-energy structure in ea
case has been used to calculate the cohesive energyEcoh in
Fig. 10. The predicted sequence of structures is gene

TABLE II. Cohesive properties of monoclinic Al9Co2 with 22
atoms per unit cell.

LMTO-ASA a GPT GPT
unrelaxed unrelaxed relaxed Experimen

uEcohu ~eV! 4.35 4.36 3.95b

DH ~eV! 20.46 20.31 20.32 20.31c

Veq ~a.u.! 96.2 96.5 96.9 102.2d

B ~Mbar! 1.08 1.19 1.05

aReference 8.
bInferred from measured values ofDH, Ecoh

Co , andEcoh
Al via Eq.~38!.

cReference 24.
dReference 25.
-
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commensurate with what is observed in Al3TM compounds:
Al3Sc isL12 , Al3Ti and Al3V areD022, although with non-
ideal c/a ratios, and Al3Ni is D011. In the cases of Al3Cr
and Al3Mn trialuminides do not form, while in the cases o
Al3Fe and Al3Co more complex, nonstoichiometric stru
tures are found nearx50.25. As will be shown elsewhere
D011 is indeed energetically competitive with these lat
structures. The predicted cohesive energies show a m
modest variation across the 3d series with values in the
range 3.6–4.6 eV for all of the trialuminides. For the fiv
systems where experimental heat-of-formation data exist,
inferred cohesive energies@via Eq. ~38! with Ecoh

Co replaced
by Ecoh

TM] are all near 4.0 eV.
The structural trends illustrated in Fig. 11 for the 3d tri-

aluminides can be understood in terms of the contributi
from the individual interatomic potentials. In particular, w
have investigated in detail the subtle competition betwe
the L12 and D022 structures for the early members of th

FIG. 10. Trends in the cohesive energy of 3d transition-metal
trialuminides Al3TM corresponding tox50.25. The theoretical re-
sults refer to the lowest-energy structures displayed in Fig.
while the experimental results derive from the measured heat
formation and the cohesive energies of the elemental metals.

FIG. 11. Calculated structural trends among five candid
structures in the 3d transition-metal trialuminides Al3TM, corre-
sponding tox50.25.
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7914 56JOHN A. MORIARTY AND MIKE WIDOM
series27 and also the overall competition between the clo
packedL12 andD022 structures and the open-packedD011

structure. Figure 12 displays both thev2
AA , v2

AB , and v2
BB

two-ion potential contributions included in Fig. 11 and al
the additionalv3

BBB three-ion contribution to theD022–L12

energy difference for the first four 3d trialuminides, with
c/a52.0 for theD022 structure as above. At the pair pote
tial level, it is seen that the transition-metal potentialv2

BB

drives the calculatedL12→D022 trend shown in Fig. 11,
while v2

AA has little effect andv2
AB opposes the trend, favor

ing theL12 structure for all the trialuminides. The effect o
the three-ion transition-metal potentialv3

BBB is to favor the
D022 structure in Al3Ti and Al3V but the L12 structure in
Al3Cr. The sum of all four calculated contributions is di
played in Fig. 13 and compared with the LDA band theo
calculations of Carlsson and Meschter4 for Al3Sc, Al3Ti, and
Al3V. There is quantitative agreement for Al3Ti, but the
magnitude of theL12→D022 trend is apparently underest

FIG. 12. Two- and three-ion potential contributions to t
D022-L12 energy difference for the early 3d transition-metal trialu-
minides, Al3TM. Herec/a52.0 for the D022 structure.

FIG. 13. CalculatedD022-L12 energy difference, withc/a52.0
in theD022 structure, for Al3Sc, Al3Ti, and Al3V, as obtained from
the present GPT interatomic potentials and from the band-the
results of Ref. 4. Herev2

ab denotes the sum ofv2
AA, v2

AB, andv2
BB.
-

mated with the GPT potentials, so that additional, neglec
multi-ion contributions may be of importance here as we

Experimentally, both Al3Ti and Al3V are observed to
form in a D022 structure with a higher than idealc/a axial
ratio near 2.23. This distortion is necessary, in fact, to m
the D022-L12 energy difference negative in the case
Al3Ti, as shown by the LDA calculations of Carlsson a
Meschter.4 The real-space explanation of a highc/a ratio in
terms of the GPT interatomic potentials is a more sub
matter, however. The transition-metal potentialsv2

BB and
v3

BBB both favor this distortion, butv2
AA and v2

AB oppose it,
and they do so to the extent that the observedD022 structure
is not explained at this level of description. Nonetheless, i
very interesting to note that if one considers only thev2

BB and
v3

BBB contributions to theD022-L12 energy difference with
c/a52.23, one obtains both the correct trend in the ea
trialuminides and quantitative agreement with the LD
band-theory results for Al3Ti and Al3V, as shown in Fig. 14.
This suggests that the unfavorable contributions fromv2

AA

andv2
AB may be largely canceled by neglected higher-or

potential contributions fromv3
AAB, v3

ABB, etc. It remains to
be seen, however, whether or not this cancellation can a
ally be demonstrated in practice.

While the L12→D022 trend in the early trialuminides is
driven by transition-metal interactions throughv2

BB and
v3

BBB, it is the pair potentialv2
AB that is largely responsible

for the overall trend of relatively close-packedL12 andD022
structures at the beginning of the 3d series and more open
packed structures such asD011 towards the end of the series
In particular, the appearance of theD011 structure is highly
correlated with the movement of the first deep poten
minimum in v2

AB ~see Fig. 8! from a positionr min.1.7RWS

for the first four members of the series to a positi
r min,1.7RWS for the last four members. This is quantified
Fig. 15. As shown in that figure, theAB nearest neighbors
for the idealD022 structure are located at 1.81RWS while the
nearest neighbors for the observedD011 structure are clus-
tered near 1.6RWS. For convenience, the values ofr min dis-
played in Fig. 15 are actually those obtained from thex50

ry

FIG. 14. Calculated D022-L12 energy difference, with
c/a52.23 in theD022 structure, for Al3Sc, Al3Ti, and Al3V, as
obtained from the present GPT interatomic potentialsv2

BB1v3
BBB

and from the band-theory results of Ref. 4.
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potentials shown in Fig. 8; the values for thex50.25 poten-
tials should not be substantially different.

V. CONCLUSIONS

We have achieved in this paper a first-principles gene
ized pseudopotential theory of interatomic potentials
sp-d-bondedAB intermetallic compounds and alloys whe
A is a simple metal andB is a transition metal. The theor
explicitly provides for anab initio LDA treatment of the
volume termEvol , the central-force pair potentialsv2

AA , v2
AB,

andv2
BB, and the angular-force multi-ion potentialsv3

BBB and
v4

BBBB in the total-energy functional, including the full vo
ume and concentration dependence of all quantities. Succ
ful application of the formalism has been made to t
aluminum-rich transition-metal aluminides where the volu
term and pair potentials dominate the energetics. At the p
potential level of description, the cohesive and structu
properties are mostly well described forx,0.30, although
some structural subtleties may require multi-ion contrib
tions for a proper explanation, as appears to be the case
the distortedD022 structure occurring in the early trialu
minides. More generally, we expect the present GPT p
potentials to be applicable to static and dynamic simulati
of structural, thermodynamic, and mechanical properties
complex systems, both ordered and disordered. This inclu
nonstoichiometric solid phases with 100 or more atoms
10% or more vacancies in the unit cell, as occur in the Co
phase diagram. We shall explicitly treat such phases e
where.

Further extensions of the present GPT formalism are a
possible. One implicit extension, which is already treated
our computer codes but has not been discussed here, is t

FIG. 15. Origin of the relative stability of theD022 and D011

structures across the 3d transition-metal trialuminides Al3TM. Plot-
ted are~i! the position of the first minimumr min in the potentialv2

AB

~solid points!, referred to the lower horizontal scale, and~ii ! the
number and position of theAB nearest neighbors for theD022

~solid line! andD011 ~dashed lines! structures, referred to the uppe
horizontal scale. Positions are in units ofRWS.
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case where theB component is either a series-end transiti
metal ~e.g., Ca or Zn!, with an empty or filledd band, or
another simple metal~e.g., Mg!. Such systems can be we
treated at the pair-potential level for all concentrationsx.
More difficult extensions are to high-concentratio
transition-metal aluminides and tod-bonded systems wher
the A component is also a transition metal. In general, su
systems will require a direct account of the additionalv3

AAB,
v3

ABB, etc. multi-ion interactions, which have not been be
treated here. With regard to the aluminides, important spe
cases include TiAl, NiAl, and Ni3Al. In some of these sys-
tems, it may be possible to fold down the multi-ion intera
tions into effective pair contributions that can be added
v2

AB andv2
BB .
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APPENDIX

In this appendix we elaborate additional technical deta
about the GPT formalism for binary intermetallic system
We begin with the A- and B-component zeroth-orde
pseudoatoms and the determination of the zero-of-ene
constantV08 , which couples the two pseudoatoms. The co
struction of the a-component pseudoatom and the se
consistent potentialvpa

a and related quantities defining it ar
formally the same as for the pure metal. In particular, E
~79!–~82! of Ref. 12 are the principal defining equations f
the transition-metalB component. Within this basic pseudo
tom scheme, the only variable quantity is the logarithm
derivativeD2* , which serves as a boundary condition on t
localizedd statesfd

B . In all applications discussed here, w
utilize the nominal choiceD2* 523, which identifiesEd

vol,B

as the center of thed bands.
To determineV08 we first define an average pseudopote

tial wpa with diagonal plane-wave matrix elements

^kuwpauk&5cA^kuwpa
A uk&1cB^kuwpa

B uk&, ~A1!

where theA- and B-component pseudopotentials are giv
by

^kuwpa
a uk&5^kuvpa

a uk&2V081(
c

~ek2Ec
vol,a!^kufc

a&^fc
auk&,

~A2!

with a5A or B. The quantityfc
a is an a-component core

state, whileEc
vol,a is the volume component of the corre

sponding core energy

Ec
vol,a5Ec

pa,a2^fc
audVunifufc

a&2V08 , ~A3!

where Ec
pa,a is the core eigenvalue of thea-component

pseudoatom and the additional free-electron-gas pote
dVunif is defined in Ref. 12. Thek50 condition
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^0uwpau0&50 ~A4!

places the zero of energy at the bottom of the valence ba
in the full intermetallic system. Using this condition in E
~A1! and solving forV08 yields the result

V085
cA^0uwpa

A u0&01cB^0uwpa
B u0&0

12cA^0upc
Au0&2cB^0upc

Bu0&
, ~A5!

where pc
a is the a-component core projection operat

(cufc
a&^fc

au and

^0uwpa
a u0&05^0uwpa

a u0&1V08~12^0upc
au0&!, ~A6!

in which the dependence onV08 is removed from̂ 0uwpa
a u0&.

The simple-metalA pseudoatom is coupled to th
transition-metalB pseudoatom only indirectly through it
volume VA and does not otherwise depend on the zero
energy constantV08 . The B pseudoatom, on the other han
is coupled to theA pseudoatom through both its volumeVB

and its valenceZB , which depend directly onV08 . The latter
dependence comes through Eqs.~13!–~15! via the phase shift
d2 determiningZd

B . Using Eqs.~63! and~65! of Ref. 12,d2

can be written directly in terms of thed-state energyEd
vol,B

and henceV08 :

Zd
B52

2

p
Im (

d
ln@eF2Ed

vol,B2Gdd
vol,B~eF!#, ~A7!

where

Ed
vol,B5Ed

pa,B2^fd
BudVunifufd

B&2V08 ~A8!

and Gdd
vol,B is the volume component of thed-state self-

energy, as defined in Ref. 12. Consequently, an effic
strategy to calculate theA and B pseudoatoms self
consistently for a given volumeV and concentrationx is as
follows
~i! Choose a trial value forVA and calculate theA pseudoa-
tom. This determines values for^0uwpa

A u0&0 and ^0upc
Au0&

entering Eq.~A5! for V08 .
~ii ! EvaluateVB from Eq. ~11! and calculate theB pseudoa-
tom, assumingZ/V5ZB /VB in Eq. ~14!. This determines
values forV08 , Zd

B , ZB , andeF .
~iii ! Iterate ~i! and ~ii ! until the conditionZA /VA5ZB /VB
is satisfied. When this condition is satisfied, the assump
in ~ii ! is also exactly true.

We next turn to the intermetallic total energy and t
various contributions to the volume termEvol and pair poten-
tials v2

a,b defined in Eqs.~19!–~35!. In Eqs.~21! and~22! for
Ecoh

pa,a we employ the notation

wpa
a ~k![^kuwpa

a uk& ~A9!

for a5A andB. In the equations below we similarly writ
wpa(k)[^kuwpauk& and

pc
a~k![^kupc

auk&. ~A10!

We also define the generalsp-d hybridization interaction
ds

f-

nt

n

hnm
B ~k,q!52

1

p
Im E

0

eF
F(

d
vk1qd8 vdk8 Gn

~E2Er
B!n~E2ek!m

dE,

~A11!

wheren andm are integers andEr
B is the complex and en

ergy dependentd-state resonance position

Er
B5Ed

vol,B1Gdd
vol,B~E!. ~A12!

The termsvk1qd8 andvdk8 can be expressed in terms of plan
waved-state nonorthogonality and hybridization matrix el
ments. For example,

vkd8 52~E2Ed
vol,B!^kufd

B&2^kuDvolufd
B&, ~A13!

whereDvol is the volume component of thed-state hybrid-
ization potentialD defined in Ref. 12. The choicen5m51
in Eq. ~A11! givesh11

B appearing in Eq.~32! for Fsd
AB , while

the choicen52, m51 givesh21
B appearing in Eq.~35! for

Fdd
BB .
Using the above quantities, one can write out the rema

ing components ofEvol defined in Eqs.~19! and ~20!. First,
dE1

a takes the form

dE1
A5Eoh

A 1
1

2
~ZA* e!2F 1.8

RWS
A

2
2

pE0

`

FN
AA~q;V,x!dqG

~A14!

for the simple-metalA component and

dE1
B5Eoh

B 1
1

2
~ZB* e!2F 1.8

RWS
B

2
2

pE0

`

FN
BB~q;V,x!dqG

1
1

p
ImE

0

eF

(
d

@Gdd
vol,B~E!#2

~E2Er
B!2 dE ~A15!

for the transition-metalB component. HereEoh
a for a5A or

B is the self-energy of the orthogonalization hole, as defin
in Eq. ~50! of Ref. 11. The additional energiesE2

a,b are given
by the expressions

E2
AA5

2V

~2p!3E
k,kF

pc
A~k!wpa

A ~k!dk

1~ZA* e!2
p

V

]2FN
AA~0;V,x!

]q2 , ~A16!

E2
AB5

2V

~2p!3E
k,kF

@pc
A~k!wpa

B ~k!1wpa
A ~k!pc

B~k!#dk

1
2V

~2p!3E @wpa
A ~k!h12

B ~k,0!1pc
A~k!h11

B ~k,0!#dk

1~ZA* ZB* e2!
2p

V

]2FN
AB~0;V,x!

]q2 , ~A17!

and
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E2
BB5

2V

~2p!3E
k,kF

pc
B~k!wpa

B ~k!dk

1
2V

~2p!3E @wpa
B ~k!h12

B ~k,0!1pc
B~k!h11

B ~k,0!

1 1
2 h22

B ~k,0!#dk1~ZB* e!2
p

V

]2FN
BB~0;V,x!

]q2
.

~A18!

The final correction term in Eq.~19! can be expressed as

dEvol52
1

2
wpa~kF!dZband, ~A19!

where

dZband5wpa~kF!
cBr0~eF!rd~eF!

r0~eF!1cBrd~eF!
, ~A20!

with r0(eF) andrd(eF) the free-electron andd-state densi-
ties of states at the Fermi level, respectively.

Finally, we discuss the screening and orthogonalizati
hole components of the valence electron density, which
rectly enter Eq. ~27! for Fss

a,b. The simple-metal,
A-component screening density can be written

nscr
A ~q!5

4

~2p!3E
k,kF

wA~k,q!

ek2ek1q
dk, ~A21!
. B

er

.

M

r.
-
i-

while the transition-metal,B-component screening density
given by

nscr
B ~q!5

4

~2p!3E
k,kF

wB~k,q!

ek2ek1q
dk1

4

~2p!3E h11
B ~k,q!

ek2ek1q
dk.

~A22!

In these equationswa(k,q) is the matrix element

^k1quwauk&5^k1quvauk&1(
c

~ek2Ec
vol,a!^k1qufc

a&

3^fc
auk& ~A23!

for a5A or B. HerevA andvB are theA- andB-component
self-consistent atomic potentials, which in turn depend
nscr

A and nscr
B , respectively. In each case, one can use

generalized Poisson equation~38! of Ref. 11 to expressva in
terms of nscr

a and thereby eliminateva and solve fornscr
a

self-consistently. The simple-metal, A-component
orthogonalization-hole density contains only inner-core c
tributions arising frompc

A and can be calculated from Eq
~132! of Ref. 12. The transition-metal,B-component
orthogonalization-hole density has both inner-core contri
tions frompc

B andsp-d hybridization contributions fromvkd8
and can be calculated from Eq.~131! of Ref. 12.
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