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Aluminume-rich intermetallic compounds and alloys are important for their technological applications and
scientifically interesting for their complex structures such as quasicrystals. Detailed knowledge of interatomic
interactions can help explain structural and mechanical properties of these systems. The first paper of this series
[Phys. Rev. B56, 7905(1997] derived first-principles interatomic potentials for alloys of aluminum with first
row transition metals from generalized pseudopotential the8BT). This paper assesses the ability of those
potentials to reproduce and elucidate the binary alloy phase diagramg gfC4l, and Al _,Ni,. When the full
theory is taken into account, we successfully reproduce the phase diagramsap.& While many of the
general features of the phase diagrams can be obtainekwithGPT pair potentials alone, the volume and
composition dependence of the total energy become important=#)25. In addition, for certain complex
structures, we introduce partial aluminum occupancy and demonstrate its importance. At high transition-metal
concentratiorx>0.25, we must further include three- and four-body transition-metal interactions to account
for the stability of AECo, in the Al,_,Co, phase diagran{.S0163-182(08)06538-3

[. INTRODUCTION known phases, and thermodynamic instability of hypotheti-
cal structures, is a stringent test of the interatomic potentials.
Highly stable Al-Ni-Co magnets, low thermal expansion This paper considers aluminum-rich intermetallics of
invar (NizFe) and high-strength Ni-based superalloys provecomposition A{ _, TM, with x<<0.3. The electronic structure
the importance of intermetallic compountsAluminum-  of these intermetallic alloys is complicated because alumi-
based intermetallics boast high-strength/high-temperatureum contains weakly boursl andp-band valence electrons,
and oxidation-resistant compounds such as Ni-Al, Fe-Al andvhile transition metals have in addition tightly bouddand
Ti-Al. 2 In addition to their technologically useful properties, electrons at, or near, the Fermi surface. A useful theory of
intermetallics also exhibit scientifically interesting complex interatomic interactions must correctly account for and link
structures. Noteworthy among these alloys are quasicrystalsthese electronic states. In the GPT this is accomplished by
ordered structures displaying crystallographically forbiddenusing a mixed basis of plane waves and localized @M
icosahedral or decagonal symmetrJhus both technologi- states and isolating weakp pseudopotentials p-d hybrid-
cal need and fundamental scientific interest motivate study aation, andd-d tight-binding matrix elements. One then em-
these systems. ploys a rigorous expansion of the electron density and total
To explain their unusual structures and mechanical propenergy in terms of these matrix elements and develops a
erties, we study atomic cohesion in intermetallic compoundsieal-space total-energy functional as a collective volume
A previous paper(henceforth referred to as paperdstab- term plus sums over two-, three-, and higher-body
lished a first-principles generalized pseudopotential theorjnteractions:® Because of its weakp electron-ion pseudo-
(GPT) for the total energy of aluminum-rich binary alloys potential, the pure aluminum total energy may be reasonably
with first-row transition-metalTM) elements in terms of well approximated by a structure-independent volume term
real-space interatomic potentials. To further assess the accplus a pairwise sum over a two-ion interatomic potential.
racy and dependability of that calculational approach, thisTransition metald-band electrons also create strong angle-
paper applies the GPT to an in depth study of mechanicalependent three- and higher-body interactions. Because the
and thermodynamic stability over a range of composition ind-orbitals are strongly localized in the vicinity of transition
Al-Co and Al-Ni systems. Mechanical stability for a given metal ions, significant contributions to the total energy from
structure reflects energy-minimizing atomic displacements tthese many-body interactions are expected primarily when
an equilibrium configuration under static relaxation at fixedTM atoms have two or more TM neighbors. Such TM clus-
composition and fixed volume or pressure. Thermodynamiters are common at large TM concentratiobut are rare for
stability demands that the final equilibrium structure lies onx<1. Consequently, fork<<0.3 the structural energetics are
the convex hull of a graph of total energy per atom versusiominated by the two-ion pair contributions.
composition for all conceivable structures. This means the Paper | developed AL, TM, GPT interatomic potentials
total energy would increase if a given structure were to deand applied them to study cohesive and structural trends
compose into a mixture of other phases of differing compo-among binary alloys of aluminum with transition metals
sition. Requiring mechanical and thermodynamic stability ofacross the 8 series. This paper focuses on a more thorough
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TABLE I. Structural data for real and hypothetical Al-Co and Al-Ni phases up=®.3333.

Pearson symbol

Name (Strukturebericht Space group Reference X

FCC cF4 (A1) Em3 m 25 0.0000
HCP hP2 (A3) P6;/mmc 25 0.0000
BCC cl2 (A2) Im3m 25 0.0000
Al W cl26 Im3 25 0.0769
AlgMn 0C28 (D2,) Cmcm 25 0.1429
AlgCo, mP22 P2, /a 25 0.1818
Al ,Mn oP156 Pn2,a 36 0.2051
Al oMng hP26 P63;/mmc 25 0.2308
M-Al 15Coq, mC102 C2/m 13 0.2353-
0O-Al;5Coy oP102 Pmm2; 22 0.2353-
Al;5Co,,Nij mC34-1.8 C2/m 15 0.2480
W30 cP8 (A15) Pm3n 25 0.2500
AuCug cP4 (L1 Pm3m 25 0.2500
FeAl cF16 (D0y) Fm3m 25 0.2500
Al;Ti t18 (D0, 14/mmm 25 0.2500
Al3Ni oP16 (DO0y,) Pnma 25 0.2500
Al;Mn, aP15 P1 25 0.2667
Al;,Co, mP52 P2 16 0.2692
AlsCo, hpP28 P63/mmc 25 0.2857
AlsFe, 0C16 Cmcm 25 0.2857
AlMn oP160 Pnma 35 0.3077
Al,Cu t112 (C16) 14/mcm 25 0.3333
Cak, cF12 (C) Fm3m 25 0.3333

evaluation of the potentials and their ability to reproduceare then applied to the phase diagrams at different levels of
complicated phase diagrams. Our measures of success asgproximation. Our baseline approach follows Philkpsal.”
first, whether known structures possess mechanical stabilitgnd assumes a constant electron density, ignoring the actual
under relaxation, and second, whether we can reproduce tlowncentration dependence of the total energy. Calculational
known equilibrium phase diagrams. results obtained with this approach up xe=0.3 are pre-

We focus on binary alloys of aluminum with cobalt and sented in Sec. IV A and use only pair potentials evaluated in
with nickel. This choice is motivated by several factdis:  the x—0 limit. The advantage of this approach is that one
Preexisting pair potentials for the Al,Co, alloys calculated can easily consider a range of composition without recalcu-
by Phillips et al,”, which were also applied to the Al-Co lating the potentials. Also, pair potentials are convenient for
phase diagram. These potentials were developed from a simstatic relaxation and other computer simulation methods.
lar but simplified perturbative method, which neglected,However, this approach is not rigorously valid and will even-
among other things, direa-d interactions and treated ex-
plicitly only the limit x—0. (2) Remaining uncertainties in 120
the details of the Al-Co phase diagram, especially in the
vicinity of x=0.25.(3) The chance to test the sensitivity of
structural energies to a minimal shift in chemistry between
neighboring transition metals. In particular, Al-Co and Al-Ni

compounds exhibit somewhat different stable structuis. 1100- 1
Our future intention is to extend the binary-alloy potentials <

to the ternary compound Al-Ni-Co. This ternary compound OT—’

possesses a thermodynamically stable decagonal quasicrystal 8N
phasé’ 1000} =1 -

The following section of this paper presents the experi-
mentally determined Al-Co and AI-Ni binary alloy phase
diagrams. We describe crystal structures of special interest,
and compare the phase diagrams and crystal structures be-
tween the two alloys families. Section Il reviews the GPT
total energy and interatomic potentials. We show how the
long-range Friedel oscillations of the pair potentials correlate FIG. 1. Phase diagram of Al,Co, near composition AlCo
with structural features of stable crystals. These potentialadapted from Grushket al. (Ref. 11).
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FIG. 3. Structure of AlNi. (a) Flat F layer.(b) Puckered P layer.
Black disks denote Ni atoms. White circles denote Al atoms. Six-
teen unit cells (4 4) are shown.

FIG. 2. Structure of O-AkCo, as determined by Griret al.
(Ref. 22. (a) Flat F layer.(b) Puckered P layer. Black disks denote

Co atoms. White circles denote Al atoms. See (&«c. IV B for . . . . .
explanation of dashed and dotted Al atoms. Four unit (:ellsfaCt that Co and Ni are neighboring transition metals in the

(2x2) are shown Periodic Table. The observed Al-Co and Al-Ni structures, as
' well as many other candidate structures, are listed in Table |
up to transition-metal fraction=0.3333.
tually break down for sufficiently largg. Our results show Detall_s of thg AI.'CO phase d"?‘.gram remain in dO.Ubt’ es-
that the composition-dependence of the volume term anaec'a”y in the vicinity of composition ACo. F|gure 1 illus-
pair potentials is needed by=0.25 and that many-body trates the current evaluation of thermodynamic and structural
interactions play a crucial role bg./:O 2857 datd! near composition ACo. Most of the phases are stable
Detailed discussion of specific difficulties encountered inOnly at high temperatures, in gg:cordance with _the usual “.Jle
Sec. IV A, and their resolutions, is contained in the Iaterthat phases nearby in composition cannot coexist over a wide
subsections. We address the problem of partial occupanc nge of temperatgrjé.The_ orthp_rgomblc p_h_ase 0-ACo,
which is common among some aluminum sites in comple éplaces the previously |dept|f| dnonocllmg phase M'.
Al-Co structures, in Sec. IV B. Section IV C addresses théo‘I 13(.304 as the thermodynam!cally stable va'ngnt. Trace im-
role of the volume- and composition-dependence of the popurltles are required to stabilize the monoclinic form at low
tentials. Stability of Al-Co in the observed structures@b,  temperatures! Furthermore, the space group of this mono-
against the competing structure ofsA&, demands consider- clinic phase is identified as C2/Hjn contrast with the ear-
I . . .l H 14 H H
ation of three- and four-body interactions, as we show infier claim of Cm.* The Y phase is believed related to
Sec. IV D. Finally, Sec. V summarizes our main conclusionsAl7sC02Niz which is homeotypical to Al;30s,. There is,
however, an alternate proposed structure for this phase
I AL-CO AND AL-NI PHASE DIAGRAMS known as Al;Co,.'® The Z phase is also known as-
' Al 5Co, because its lattice constants are related approxi-

The AI-Co and AI-Ni phase diagrams and stablemately to those of M-Al;Co, by two factors of the golden
structure$?® differ markedly from each other, despite the mean
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J5+1 quasicrystal approximants, because they employ structural
5 1) elements believed to be similar to those of the decagonal
quasicrystal phase, but repeated periodically in space. Lattice
Its precise structure is presently unkno¥nin addition to  constants of different approximants ideally differ by powers
the large number of stable crystalline phases, a metastabtg# . For the so-callech/k-orthorhombic approximant the
decagonal quasicrystal phases forms throughout this compgdeal lattice constants near compositiors@b take the val-
sition range'® uesa(h/k)=5.532", b(h/k)=2.908%, c=8.12 in units of
In contrast, the Al-Ni phase diagram contains relativelyangstromg$? The ideal lattice constants(2/3)=14.483,
few and well understood structures. In the composition range(2/3)=12.318 ancc=8.12 are close to the experimentally
of interest there is only one stable compound;NAl observed ones of O-ACo, (14.452 A, 12.342 A, and
The cluster of phases nears@lo share common structural 8.158 A). Hence we identify this structure as a 2/3 ortho-
features. They may be described as layered structures, altgfrombic approximant.
nating flat and puckered layers. The spacing between layers The layering and some atomic motifs that are so common
is close to 2 A, so the stacking repeat distance is about 8 Aamong ALCo structures are also present ins)d. This com-
F is a flat mirror plane, whileP is a puckered layer, with pound features the cementite (PO structure illustrated in
atoms displaced up to 0.34 A above or below the mearFig. 3. Based on the layered structure, atomic motifs and
height.P’, the mirror image oP throughF, is distinguished  |attice constants, ANi may be identified as a 0/1 orthorhom-
from P only through the sign of the puckering displacementspic approximant. The ideal lattice constai0/1)="5.532,
F’ is equivalent td~ after a translation perpendicular to the b(0/1)=4.706 andc=8.12 are now rather far from the ob-
layering direction. The entire stacking sequence may be repserved ones of the Q@structure illustrated in Fig. 8.598,
resentedFPF'P’. The only exception to this rule, the Y 4.802, and 7.351because of the low order of approximant,
phase, ha a 4 Arepeat length. This is accommodated in and our use of ideal lattice constants devised for Al-Co com-
Al75C0o,oNiz by alternating a pair of layers. In contrast, pounds. The structural link among Mi and the AkCo
Al,Co,, alternates™ andP type layers®® As a consequence, phases places these structures in contention with each other
F cannot be a mirror plane, and is itself very slightly puck-for thermodynamic stability with slight shifts in stoichiom-
ered in Al;Co,. etry and chemical composition interchanging relative stabil-
Another motif shared among these structures is a charagyy.
teristic cluster of atoms known as a pentagonal bipyramid = At larger transition-metal contenk=0.4, ALNi, has a
(PB).'*~*' This cluster is centered on a flat layer and extendssimple structure with only 5 atoms per unit cell that has no
to the adjacent puckered layers above and below. On thgnown structural relation to AlCo compounds. At=0.5,

equator it features a pentagon of Co atof@dge length 4.7 poth Al-Co and Al-Ni take the simple Cs@B2) structure.
A) centered by a single Al atom. It is capped in the puckered

layers by a smaller pentagon of Al atorfesige length 2.9 R

cer!tered by a single. Cp atom. Additional Al atoms occupy Il INTERATOMIC POTENTIALS

variable positions within the flat layers. Formation of the

pentagonal bipyramid as a favored structure follows from Paper | described the theoretical basis for calculating in-

highly advantageous interatomic bond lengths both withirteratomic potentials within the generalized pseudopotential

individual PB’s and between neighboring PB%. theory (GPT). Here, we review some key ideas. The GPT
Figure 2 illustrates the structdfe?* of O-Al;5Co,. Pen-  interatomic potentials are terms in a real-space expansion of

tagonal motifs are clearly visible in both the flat and puck-total energy in the form of volume, pair and many-body in-

ered layers. Structures of this type are known as decagonggractions:

T=

1 , 1 C
Eo(Ri - RO=NEG(QX)+5 X X 0 (Rji00+5 X X" 05”(Ry Ry R i Q%)
a,B=AB a,B,y=A,B i,j,k
1 !
t54 > > v (Rij Rk, Rur R, Rji R i Q,x) + - - - 2
a,B,v,6=A,B i,jkl

Here R; . ..Ry denotes the positions on th¢ions in the  modulus. The pair-potential sums are the leading structure-
metal, ) is the atomic volumex the atomic composition, dependent terms in the total energy. In general, both the pair
and the prime on each sum over ion positions excludes aind many-body potentials are long-ranged with oscillatory
self-interaction termsA andB denote the two chemical spe- tails arising from electron screening and&p-d hybridiza-
cies, Al and TM. tion. The many-body interactions are presumed to be stron-
The volume term is structure independent. It exerts nayest among clusters of transition-metal atoms and weaker
force on the individual atoms, but is important for determin-among clusters containing aluminum atoms. Consequently,
ing the cohesive energy, equilibrium volume, and bulkthe many-body interactions should be negligible at low
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0.4 T with X, as was discussed in paper I. The primary difference
[ ] between the two sets of potentials is the relatively weak at-
03 f . tractive TM-TM interactions at short range in Ni compared
- ] with those in Co. We can trace this difference back to the
02 F ] more nearly filledd-bands of Ni. The positions of potential
o1k ] minima and maxima are quite similar in the two compounds.

= | Minima of the Ni-Ni potential are shifted slightly to the left
2 of , f\ N ] of minima of the Co-Co potential, reflecting the growing
> :

nuclear charge and shrinking equilibrium volume in moving
to the right in the 8 series and consistent with the trends

o noted in paper I.
02l ] Note the strongly negative Co-Co potential belaw
] =25 A. This indicates an unphysical overbinding of
0.3 R A T transition-metal ions caused by strongly attractive two-ion
(@) rh) 8 0 12 d-d interactions. They are offset in the bulk metal by corre-
sponding repulsive many-body interactions. Their presence,
0.4 T T ] however, serves as a warning of the limitations of a pair-
. : potential treatment of the alloy. Provided TM ions remain
03 F ] well separated, our calculations are not strongly influenced
3 ] by this uncompensated attraction. This is indeed the case for
0.2 F E low TM concentrationx=0.25.
Direct multi-iond-d interactions depend strongly on rela-

01 ] tive angles. Since thd electrons are rather tightly bound to
the transition-metal ions, these strong angle-dependent inter-
actions are also short-ranged. The pair potentials alone are
thus not expected to reproduce well the total energies in
E structures with transition-metal near neighbors. For larger
L \ly AINi 1 . . . .S
02F 2 ] TM concentrations certain structural energies are signifi-
E ] cantly affected by this problem. Section IV D examines their
. A N N influence in Al-Co compounds at=0.2857.
® ©° 6 8 o 12 It is interesting to compare the present GPT potentials for
Al-Co with those calculated earlier by Phillipst al.” The
FIG. 4. GPT interatomic pair potentials at compositian ~ GPT treatment includes a nonlocal pseudopotential, self-
=0.25 for (@) AlsCo and (b) AlsNi. Dashed-dotted lines5™';  consistent electron screening, and dirgat interactions not
dashed lines;"™ ; solid linesv;"™. considered previously in this context. Phillipsal. also car-
ried out their study holding electron density fixed at the
transition-metal concentration, and grow progressively morevalue appropriate for FCC aluminum. Here, we consider
important at higher transition-metal concentration. In pureboth a fixed electron density approach, and one of self-
elemental transition metals, the three- and four-body interacsonsistent variation of electron density with composition and
tions are important, but higher-order interactions may ofteraitomic volume. Comparing the potentials quantitatively, the
be neglected. most striking differences is the deep minimum of the Co-Co
All terms in the GPT total-energy expansion depend onGPT potential discussed above, which Phillgisal. do not
the atomic volume and chemical composition. The discusobserve because of their neglect of direetl interactions.
sion in the following section compares use of GPT potential#Also, the amplitude of the oscillations of the Al-Co and
evaluated in th&x— 0 limit with use of the full composition- Co-Co GPT potentials is generally larger than in the Phillips
dependent GPT potentials. Use of ttre 0 potentials is mo- et al. potentials. This is caused, in part, by the larger effec-
tivated by the observatidrthat the valence electron density tive sp-d hybridization and screening interactions calculated
varies slowly withx, nearx=0, for Al-Co compounds. We in the first-principles GPT treatment.
confirm in Sec. IV A that thex=0 potentials achieve con- The detailed shape of the pair potentials influences me-
siderable success, but find in Sec. IV C that the appearang#anical and thermodynamic stability of particular solid
of certain phases in the alloy phase diagrams requires thgiructures. Mechanical stability requires that the net force on
composition-dependent GPT. each atom be small or zero. Thermodynamic stability de-
Figure 4 displays the present GPT pair potentials evalumands that on average the potential energy per atom be low.
ated at compositiox=0.25. For AkNi the potentials are These requirements can be met simultaneously by placing
evaluated at the experimental atomic volume of 98.24 a.uatoms in space so that many close interatomic separations are
For Al;Co we use atomic volume 100.0 a.u., chosen becausat or near minima of the pair potentials.
it is a round number interpolated between experimental Figure 5 shows pair correlation functions of3Ni in the
atomic volumes of neighboring structures. Friedel-like oscil-DO;; structure. A Gaussian broadening of width 0.15 A has
lations with asymptotic wavelength related to the Fermibeen applied to mimic typical thermal motion at room tem-
wave number are a characteristic feature of the pair poterperature. Note the sharp maximum igap(r) at r

tials. The precise shapes of the GPT potentials vary slowly=2.8 A, close to whereé"A' displays a broad shoulder, and

N F
sE
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6 ———T . . ———] pronounced double peak at 3.9 and 4.6 A lying within the
i ] second minimum o6 Y™ and a strong peak 8.2 A within the
5 1 fourth minimum ofvy™ .
: Different structures can produce similar correlation func-
a4l ] tions, also with peaks fairly close to the pair-potential
[ ] minima. M- and O-A|;Co, and AkNi, for example, being
1'}_( sf approximants to the same 8 A decagonal phase, possess
= rather similar correlation functions. Correlation functions for
several Al-Co structures have been published previotisly.
2r These correlation functions also generally show peaks close
I to the pair-potential minima, explaining why the particular
1 structures are likely to enjoy mechanical and thermodynamic
; stability. Not surprisingly, both structures have similar me-
ol chanical stability and cohesive energy using either the Al-Co
@ © or the Al-Ni pair potentials.
6 T 1 1 T T
X IV. CALCULATIONS
5t This section outlines our study of mechanical and thermo-
[ ] dynamic stability of real and hypothetical Al-Co and Al-Ni
4L ] structures. We evaluate the energy and forces acting on at-
_f ] oms in a wide variety of structures. After relaxing these
% sl ] structures to a state of mechanical equilibrium, we examine
o | net atomic displacements as well as final energies. The
[ atomic displacements indicate the mechanical stability of
2r ] various structures using our pair potentials. The final relaxed
. energies indicate the thermodynamic stabiligt absolute
1t zerg of the structures.
[ Thermodynamically stable structures form the convex
ol hull of a graph of free energy versus composition. At low
b © 2 temperatures the free energy reduces to the enthalpy. At low
pressurege.g., one atmosphereneglect of PV work reduces
6 T T T - T enthalpy to internal total energy. When comparing total en-
[ ] ergies, the atomic volum@ should, in principle, be adjusted
5t . to minimize the energy of each structure. As demonstrated in
i ] paper I, this is entirely feasible within the GPT method, but
4L ] it would be unduly laborious here for the large number of
F ] structures under consideration. For convenience in the
< sl present work, therefore, we have taken atomic volumes from
s | either experiment or, where appropriate, from theoretical
[ considerations.
2r To calculate total energy, we sum all pairwise interactions
) up to a cutoff. The cutoff is needed because the slowly de-
1r caying Friedel oscillations cause remote atoms to contribute
: ] significantly to the total energy. As in paper |, we set the
oL - R TP T cutoff at 8.2Ryg, whereRys is the Wigner-Seitz radius
0 2 6 r(A)8 10 12

corresponding to atomic volum@ =47RJ,4/3. In general,
defining the cutoff in terms oR\yg is advantageous because

_ : the set of interactions among atoms remains unchanged as
Gaia (N (0) Gani(1); (©) Gini(1)- the atomic volume of a structure is varied. The choice 8.25 is

: AAl somewhat arbitrary, but has been found to be the minimum
another sharp maximum at=4.5 A, close to where value that provides adequate convergence. Our relaxation
has its first minimum. Beyond=>5 A gAIAUIAfr) oscillates  technique employs the IMSL conjugate gradient program
rapidly without noticeable relationship ", which has  zxCGR. We relax configurations until the average force per
fallen off to nearly zero.gani(r) displays pronounced atom is less than 16 eV/A. Lattice constants are held fixed
maxima neamr=2.4, 4.5, 6.4, 8.7, and 10.3 A. The first during relaxation.

th):iﬁ? of these peakS lie close to the first three minima of To predict the phase diagram requires Considering every

vy s whileme remaining peaks are slightly to the right of conceivable structure. The predicted phase diagram is the
minima of 5™ . Finally, gnini(r) is noteworthy because it convex hull of the scatter plot of energy versus concentra-
vanishes inside the strong first minimummﬁ"\“. There are tion. This is clearly an untenable job. Rather, we can con-

no Ni-Ni near neighbors in this structure. However, there is asider a limited number of candidate structures. Efficiency

FIG. 5. Pair correlation function for Q@structure of A}Ni. (a)
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-0.1

03 ——— - — to Al;TM in the structure L (x=0.25). The data points are

02 L a DO ] labeled with the name of the structure. We replace the tran-
_ sition metal in these structures with Co or Ni. Plotting sym-
5 0.1 ¢ 8co o A(Cos ] bols are used to distinguish degrees of mechanical stability.
§ 0 BHeP Tio Line L1o ] Highly symmetric structures do not relax because there are
:-:, & DOgp ] no net forces on individual atoms. These are marked with a
<

Mo @ A15 . B symbol. Some of these structures, J0f0r example, are
o2l Fee Alelgn 5 Al ] unstable because small random initial displacements result in
: Gonvex Hul Alsfn large displacements under relaxation away from the symmet-
'0-3_' Al hinge, O-Aly 30 05 7 ric structure. Structures with modest average atomic dis-
04 L AlgCop “Ai7500z2Nia '::52;’2 ] placementa\R are marked with filled shapésircle, triangle
o5l 00T and square foAR less than 0.1, 0.2 and 0.3 A, respectiyely
I M-Al13Coy ] at their relaxed energy. Several structures are mechanically
-0-60 —— 0'1 — 0'2 — 0'3 . unstable AR=0.3 A). Their unrelaxed energies are marked
(a) ‘ ' X ’ with an open square.
Some unstable structures such agMxl and ALMn are

0.3 ——r : T . - .
I decagonal quasicrystal approximants related in structure to

0.2 DO3 1 Al1Cos ] O- and M-Al ;Co, but with a six-layer repeat rather than a
1 four-layer repeat’ The proposed structuf®of Al;,Co, is

01l .
eoe unstable using oux=0 pair potentials, and has a high un-

z
Q
© 5 HCP ‘e Lin DO. .
> 0 PO Tie Line Zop 15 relaxed energy. Our calculation thus supports the
o 04l * g AhiMns, i ] identificatiort" of Al,sCo,,Nis as the structure better associ-
< L A QAqgce, T ated with the phase Y-ACo,, because of its mechanical
021 FOC e Hul Al Ming® . stability and low relaxed energy.
03[ e ] A previous problem with ALW falling below the tie line
: connecting FCC Al with AJCo, encountered by Phillipst
-0.4 [ MAAl; 5C oy T al.” has been solved with the present treatment,\lnow
05k ] lies above that tie line.
- Some features of the phase diagrams are not adequately
e VT explained by thex=0 GPT results. One problem in the
(b) X Al-Co phase diagram is the metastability of Or0, with

respect to the tie line from ACo, to M-Al5Co,. Experi-
tials and(b) x=0 Al-Ni potentials. Plotting symbols indicate dis- ments SUQ(?ESI’ mdefid’hthat the ?rt.hornomblc %hl‘."‘sed IS tlhe
placements under relaxation: unrelaxed symmetric structiie ( true ground state, with the monoclinic phase stabilized only

AR<0.1A(®):0.1A<AR<02A(A)02A<AR<03A(m) PYasmall concentration of impurities. However, the issues
unrelaxed unstable structufgl). ' " of partial occupation and Al vacancies appear to be crucial to

the outcome. To obtain stability of the orthorhombic phase,
we propose to add Al vacancies to the experimentally deter-
FRined structure. This is discussed in Sec. IV B.

Two additional problems occur in the Al-Ni phase dia-

FIG. 6. Scatter plot of structural energi@ x=0 Al-Co poten-

dictates we should consider the most plausible structures,
we draw from existing knowledd@ of intermetallic struc-

tures and consider structuréksted in Table ) which do gram. First, the AJCo, structure lies below the tie line join-

prove stable for related aluminum-rich transition metal al-; . ‘ ) . :
loys, especially those involving metals such as Cu, Fe or M FCC Al with AI3N" AISO.’ we find metastability of , ﬁl.“
that lie near Co and Ni in the Periodic Table. with respect to the tie line joining the 4Co, structure with

the M-Al;Co, structure. Both of these deficiencies are re-
moved through the full composition-dependent GPT.

A. x=0 GPT treatment The final problem, stability of the AFe, structure over

e AlsCo, structure in the Al-Co phase diagram, appears to
present a failure of the 2-body truncation of the total en-
ergy expansion, Eg2). We show in Sec. IV D how three-
and four-body interactions overcome the difficulty. With all
hese problems resolved, we thereby demonstrate that the
PT adequately reproduces the phase diagrams of Al-Co and
-Ni up to compositionx=0.3.

Because of the large number of candidate structures %E
different compositions, we evaluate stability first using the
x=0 GPT potentials. Later, in Sec. IV C we apply the full
GPT to a subset of these structures. Withxtke0d potentials,
we scale the structures isotropically to the hypothetica
atomic volume at which the free-electron density matche%
that of pure FCC aluminum (0.18076/& as given by Eq.

(16) of paper I. To calculate these volumes, we employ the
effective valences obtained a0 in paper | =3 for Al,
Z=1.8 for Co andZ=1.7326 for Nj. Many complex intermetallic structures exhibit a concen-

Figure 6 displays oux=0 results for Al-Co and Al-Ni in  tration of vacancies at certain atomic sites. Among the struc-
scatter plots of relative total energy per atom\E  tures considered here, M-ACo, (both the Cm and the C2/m
=AEx/N, versusx. Here AE denotes the difference of symmetry models Al,sCo,.Ni; and AkFe, are known to
relaxed energy from the tie line connecting FCC AH®O) have partially occupied sites. Vacancies are found primarily

B. Partial occupancy
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TABLE II. Energetics for partial occupancy in Al-Co systems near0.25. EnergiedE are taken from
the FCC-L% tie line in units of eV/atom, wittAR in angstroms. M-Al;Co, with space grougCm s the
Hudd and Taylor structuréRef. 14.

Structure Full Partial Annealed Relaxed
Name Space group X AE X AE X AE AE AR
M-Al 15Co, C2/m 0.2353 —-0.292 0.2415 —-0.339 0.2424 —-0.351 -0.391 0.138
M-Al 15Co, Cm 0.2353 —-0.263 0.2532 —-0.378 0.2526 —0.427 —-0.459 0.078
0-Al;5Co, Pmn2,; 0.2353 -0.277 0.2500 —0.402 -0.441 0.107
Al;:C0,,Nig C2/m 0.2222 +2.431 0.2484 —0.094 0.2500 —0.409 -0.423 0.053
AlsFe, cmecm 0.2500 +0.106 0.2703 —0.128 0.2857 —0.417 -0.430 0.037

within flat layer aluminum positions that are unusually closeannealing temperatures. We declare sites with occupéncy
(2.4 A or les$ to another aluminum. One related structure,<0.95 to be partially occupied. The simulated composition
O-Al;5Co,, does not have reported fractional occupancy, buis taken as the nearest integer number of aluminums to the
the presence of short Al spacings, and the resulting poofeported composition. For M-AJCo, with space group
mechanical stability and high calculated energies, sugget2/m, and for AiFe,, we find complete agreement in assign-
partial occupancy may be present. _ ment of partially occupied sites. We find substantial, but not
When experimental data is available on partial occupancyperfect, agreement in assignment of partially occupied sites
we may use this data to estimate the total energy of a palg the Hudd and Tayldf structure oM -Al ;,Co, with space
tially ocqup|ed structure. O_rdmanl_y, the energy is the SumgroupCm. One noteworthy difference is that Hudd and Tay-
oxgr p§|rs of atomic sites and j of the bond energy or assign partial occupancy to one puckered layer site, while
vy" (R;j:£2,x) between atoms at those sites. To estimate th e find all puckered layer sites are fully occupied. Also, we

i : . : ;
energy of a partially occupied structure, we simply muIt|pIyﬁnd low occupancy at AT) sites, while Hudd and Taylor
report full occupancy.

each bond energy by the produe¢t; of the site occupancies.
Such an approximation becomes exact in the absence of cor- . : . :
relations bF()aFt)ween the occupancies of different sites. Table || Full occupancy 1S claiméd for O-Al;sCo,. We invest-
shows the dramatic reductions in unrelaxed energy whefate this C'a'”? because of the presence of staa4 A .
partial occupancy is incorporated in this manner. Al-Al bonds like those relateq to partial occupancy in
An alternate way to calculate energies in the presence df! Al1:C0;. The crystallographic structure determinaffon
partial occupancy is to generate specific individual configuincludes Debye-Waller corrections that can mimic partial oc-
rations with every site either fully occupied or fully vacant. cuPancy. We note substantial correlation between the sites
This approach can incorporate correlations among site occ@SSigned large isotropic thermal displacement coefficients
pancy. Because the partial occupancy in Al-Co is ofterBeq @nd the low aluminum occupancy sites in a fixed site

linked with short interatomic distances, we may expect Sig_Monte Carlo simulation. In Fig. 2, circles with solid lines

nificant correlation between these sites. exhibit high Al occupancy {(=0.95) in our simulations and

A systematic way to generate such configurations id'ave small isotropic thermal displacement coefficieBLq(
through a fixed site Monte Carlo simulati8hWe take the <1.5) in the experimental structure. Circles with dashes
experimental structure as a list of possible atomic positionsh@ve large thermal displacements and high simulated Al oc-
and populate these sites with a smaller number of atom&upancy. Circles with dots have low simulated occupancy
Then, atoms hop among the available sites, with moves a@nd small thermal displacements. Dashed-dotted circles have
cepted or rejected according to the usual Metropolis critelargeé thermal displacements and low occupancy.
rion. At elevated temperatures we can generate occupation 'Nus, theory and experiment agree that Al atoms are
statistics for comparison with experimental occupancies. AP@Ppy to sit at positions in Fig. 2 occupied by solid circles,
low temperatures we can generate specific low energy distr@"d agree that atoms do not like to sit at positions occupied
butions of vacancies among sites. In practice, we perfomlpy dashed-dotted cwcleg._Overall, the average isotropic ther-
our simulations holding the cobalt atoms fixed at their ex-ma! displacement coefficient B,;=1.2 for Al atoms and
perimental positions because there are no reports of fradeq=0.88 for Co atoms. Highly occupied Al sites have av-
tional occupancy at these sites. Only aluminum atoms arff@geBeq=1.1. The low occupancy sites have averdig
permitted to move. The energies of configurations generated1-7- )
in this way are listed in Table Il under the heading “an-  Fractional occupancy solves the problem of mechanical
nealed.” Compositions differ slightly between the “par- stability of O-Al;3Co,. When fully occupied this structure
tial” and “annealed” columns because we simulate a singlehas mean atomic displacement of 0.27 A, with several Al
unit cell with an integral number of atoms. atom displacements close to 1 A. We generated a sequence

Several features are noteworthy. First of all, when experiof O-Al,3Co, structures at each integer aluminum composi-
mental data on partial occupancy is available, we can comtion from 78 to 67 Al atoms per 102-atom unit cell. This
pare it with the fractional occupancy statistics from Montecovers the composition range from full occupancy down to
Carlo simulation. For this purpose, we perform the simulathe lowest suggested composition fgr-Al,sCo,. We an-
tion at T=1000 K, because that is characteristic of typicalneal using our fixed site Monte Carlo method from high
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-0.30 - - T Al5Co, remains. It is possible that varying the atomic vol-
AlroMng ] ume to minimize total energy, and/or including many body
-0.35 | O-Al1gCos i interactions, would reduce the valuexoét which O-Al;Co,
. AlgCop . AlgCog joins the convex hull. Given the strong instability of the fully
E I . ¢ ’ occupied structure, however, we believe some Al vacancies
§ -0.40 | “ i are present in O-ALCo,.
:J.')’ Convex Hall 49Al75C022oNiIg  AlgFen
< 045 DOH:.O/M_AHSCO | C. Full GPT treatment
. Use ofx=0 GPT potentials was motivated by the near-
050 L 1 constancy of the valence electron density observed among
’ OM-Aly3C 04 the aluminum-rich Al-Co compounds. A more rigorous and
accurate approach includes the atomic-volume and composi-
o550y tion dependence of each term in the total energy,(Eqg.In
018 020 022 0244 026 028 0.30 the constant electron-density approximation, the leading vol-
(@) ume termk, has been treated as a constant which does not
-0.15 ——— et contribute to energy differences from the tie line. In the full
Alahin 5 GPT, we must now includé,(Q,x) and also calculate
OAlraCos two-body energies using volume- and composition-
-0.20 - Al ghing 1 dependent pair potentialsg?(R;; ;Q,X).
’g ¢ Since we consider equilibrium structures, we should, in
B 005l ] principle, vary the atomic volume to find the minimum total
3 . AlsCop energy for each candidate structure at fixedn practice, we
w [AlgCoz ‘ AlgFep employ experimental atomic volumes where they are known
-0.30 | R i for a given composition, and choose plausible values in cases
where experimental atomic volumes are not known. For ex-
Convex Hul ample, we choose an atomic volume of 108.55 a.u. for Al-Co
-0.35 - 1 in the Al,W structure in order to reproduce the electron
] density of FCC aluminum. For Al-Ni, we let atomic volume
040 4 o oMo, vary quadratically with composition to match the electron
0.18 020 022 024 x 026 028 0.30 density of FCC aluminum at=0 and 0.0769 and to match
() the experimental atomic volume of Ni at x=0.25.

Figure 8 displays the resulting full-GPT structural ener-
gies after relaxation for a subset of the structures considered
above. The major changes to note occur for Al-Ni, where the
observed D@, structure of AiNi achieves thermodynamic
temperatures down to absolute zero, searching for the lowestability while AlyCo, loses it. The competing structures O-
energy assignment of Al occupancy. For each aluminunand M-Al;sCo, lose stability relative to D at x=0.25.
content, we relax the lowest energy annealed configuratioNerifying that the next stable structure of largeis Al3Ni,
and monitor the largest atomic displacements. The largesvould require extending our pair-potential calculations<to

FIG. 7. Closeup of structural energies near0.25. (a) x=0
Al-Co potentials.(b) x=0 Al-Ni potentials. Plotting symbols as in
Fig. 6.

displacements remain close 1 A for 78 through 74 Al/cell. =0.4, well beyond their intended range of application.
For 73 Al/cell the largest displacement drops below 0.6 A, We caution the reader that some calculated energy differ-
and remains small for all Al content through 67 Al/cell. ences are so small they lie below the expected limits of ac-

Relaxed energies for this sequence of annealed structuresiracy of our calculational methods. For examplegsGal,
are plotted in Fig. 7. Note that the total energies fall on thdies only very slightly(1 meV/atom above the tie line from
convex hull only atx=0.2637, consistent with our sugges- FCC Al to DO, using the full-GPT AI-Ni potentials. In prin-
tion of partial Al occupancy, but far beyond the point ( ciple, we should vary the atomic volumes of both structures
=0.2353) where current phase diagrams place it. The effedo minimize their energies to see if /&0, still lies above the
tive negative vacancy formation energy implied here is ob-convex hull. Many-body interactions or variation of vacancy
tained under the constraints of constant valence electron depencentration and unit cell aspect ratio, could easily shift
sity and constantE,,. These are the same constraintsenergies sufficiently to move 4Co, on or off the convex
normally applied to the bulk metal and in that case produce ull.
well known virial-pressure contribution to the vacancy for- It is also interesting to_compare our calculated energies
mation energy?® In bulk Al, this contribution is positive and with otherab initio results. @t and Rabé&® performed elec-
correctly leads to both a positive vacancy formation energyronic structure calculations of total energy for aluminum-
and, with the present GPT pair potential, a result consisterrich Al-Co compounds in a variety of structures. Table 1lI
with experiment as wefl” A complete treatment of vacancy compares our results with theirs, and also with similar cal-
formation in the alloy also requires inclusion of the compo-culations by Lam and Cohétfor pure aluminum. The rather
sition and atomic volume dependence of the total energygood agreement for pure aluminum validates the GPT
Section C below includes these effects in our full GPT treatapproach’ and indicates the accuracy of truncating E2).at
ment, and the negative Al vacancy formation energy in O-the two-body term for simple metals. Because of differences
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0.3 . : . TABLE Ill. GPT structural energiedE for Al and Al-Co com-
0.2 i . pounds compared with othexb initio calculations. Energies are
“T v R0 ] with respect to the FCC-L1tie line in units of eV/atom.
’g‘ 0.10 & Bco i
§ e Tie Line L Structure X LC* OR x=0GPT full GPT
= o AW #Po22 FCC 0.0000 0 0 0 0
<7 ® AT ] HCP 0.0000 0.033  0.057 0.028 0.028
-0.2 |- . BCC 0.0000 0.102 0.103 0.102 0.102
oal o ] Al W 0.0769 -0.044  —-0.066  —0.052
I 4 D03 0.2500 0.128 0.205 0.205
0.4 AloCOINQl7sCaaliia OMAM3C Y L1, 0.2500 0 0 0
05| 001 1] ez ] DO, 0.2500 -0.010 —-0.035  —0.036
06 OM-Aly3C0q Al5 0.2500 —0.083 —0.095 —0.102
(a) 0 01 02 x 03 ®am and CoherfRef. 29.
bOgit and RabgRef. 28.
0.3 T T T
02 2 D0s 7 the experimentaAH™" does not lie on the convex hull of
’g‘ojo | scc Ats i reported values. Energies forglxloz_, AlsCo, and Agl\_li_are
k5 Hep Tio Lina o0 for relaxed structures at experimental composition and
2 %% AW B2 atomic volume. For AICo we use the partially occupied O-
W 0.1 \ i Al13Co, structure atk=0.25 and atomic volume 100.0 a.u.
< 5 O/M-Al13Coyq
02} Foe Convex Hull T
] AlgCon AlsCop D. Failure of two-body truncation for x>0.25
-03F AlsFes -
: o] The final difficulty to consider is the lack of stability of
041 PO Al gCog the AlsCo, structure compared with the &le, structure us-
05k i ing Al-Co interactions. This is evident in Figs. 6 and 7 using
x=0 potentials and persists with the full GPT potentials in
085 T 02 & 03 Fig. 8. To test the volume dependence of the full GPT result,

(b) Fig. Aa) varies the atomic volum& away from its experi-
mental value of 92.89 a.u. for the #&lo, structure to obtain
FIG. 8. Scatter plot of structural energies using full volume- andjts predicted equilibrium value wheréE,,,/dQ=0. The
composition-dependent GPT potential) Al-Co potentials (b) Al Fe, structure is still favored at the latter value of 82.34
Al-Ni potentials. Plotting symbols as in Fig. 6. a.u. For this reason, we are next led to investigate the role of

) ] ) .o three- and four-body interactions in E@®).
in atomic volume between our Al-Co calculations angu© It is reasonable to suppose that many-body interactions

and Rabgthey scaled to constant electron density assuminge important in these structures because at this high Co con-
a valenceZ= 1.5 for C9 close quantitative agreement is not cenration =0.2857) many transition metal atoms are near
expected. However, there is agreement in the ordering Qfieighbors of each other. &To, possesses equilateral tri-
energies among structures DA 1y, DO, and AlS atx  gpgles of Co atoms with edge length 2.912 A before relax-
=0.25, as well as in the sign and approximate magnitude oftjon. These are on opposite faces 0f@ds icosahedra sur-

AE for the Al;,W structure. In Table Il and in Figs. 6 and 8 rounding A1) atoms. ALFe,, in contrast, exhibits isosceles

we take the rati@/a=2.0 for the D@, structure. _ triangles of transition metal atoms with edge lengths 2.939,
We can further compare calculated formation enthalpie$ 939 and 4.107 A before relaxation.

with experiment. Using the full GPT truncated at two-body  Transition metal neighbors can also occur at loweFor
interactions, we calculate cohesive energigg, (Eiot/N  example, in the O-AKCo, structure, short 2.86 A Co sepa-
relative to the spin-polarized free atpwf —3.565 eV/atom  rations occur in flat layers. However, these occur only in
for FCC aluminum,—6.210 for(nonmagnetiz FCC cobalt,

and—5.197 for(nonmagnetic FCC nickel. We calculate the TABLE IV. Experimental and calculated enthalpies of forma-

enthalpy of formation of the aluminum-rich alloys by sub- oq Apfor for observed Al-Co and Al-Ni compounds in units of
tracting their cohesive energies from the tie lines connectingy//atom.

aluminum with cobalt and nickel. Table IV lists
experimentaf and calculated values of Compound X Angt AR
AHO =E ,— XESS— (1—X)EA,. 3 Al 0.0000 0 0
AlgCo, 0.1818 -0.31 —0.306
This table omits comparison with the reported experimentall,Co 0.2500 —0.40 —0.402
value for monoclinic AJ;Co, because the reported Al.Co, 0.2857 ~0.43 —0.374
compositiori of the experimental sample=0.2253, falls Al N 0.2500 —0.40 ~0.310

outside reasonable limits for single phase composition, and
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-4.68 ————————— — — FIG. 10. Three-ion triplet potential®5(d, ) for Co ions in

Al-Co compounds ax=0.2857.
‘\‘ OE_:v «p , BEB ,, BBBB
v coh® "2 '3 4 . . .
-4.70 1 =88.6°. Inspecting Fig. 10, we see that the three-body inter-

action will tend to stabilize the equilateral triangles over the
isosceles triangles and hence favor theGd, structure. In-
- terestingly, for pure elemental Fe, the triplet potentials favor
the isosceles triangles over the equilateral triangjléghat
remains true in the aluminum rich alloy, that would explain
. formation of the AlFe, structure in the Al-Fe binary alloy
family.

Because of the long-ranggp-d hybridization interaction,
. the many-body potentials oscillate with non-negligible am-
plitude out to large distances in a similar manner to the Frie-
del oscillations in the pair potentials. While the contributions

-4.72

-4.74

Cohesive energy (eV/atom)

-4.76

478 L+—— TR TIPS S of the near-neighbor triangles described above provide the
75 80 85 90 95 leading effect, it is necessary here to include both three- and
(b) Atomic volume (a.u.) four-body interactions out to the cutoff radius of 8.Rgs.

_ ~ When this is done and we reexamine the atomic-volume de-

FIG. 9. Volume dependence of the cohesive energy for Al-Co ingendence of the cohesive energy, we find that at its predicted
the structures ALCo, (solid curves and AkFe, (dashed cuves(@  gquilibrium atomic volume the structure o, is indeed
Pair potentials only, with full relaxation at each volume calculatedfavored over the structure 4Fe,, as shown in Fig. @). This
(solid points. (b) _Incluo!ing three- and four-body Co interactions, in has resulted primarily from thé AFe, cohesion curve being
the relaxed configurations ¢). shifted upward in energy with little change in thes8b,

. . ) o cohesive properties. The predicted equilibrium atomic vol-
pairs of transition metal ions, never within triplets. Thus ;me for ALCo, is now 81.96 a.u. and the cohesive energy is

. . B . ..

those short Co spacings could contributes#° but not to _4 767 eV/atom. Recalculating the heat of formation yields

BBB

v3°". The inclusion o 3°®, etc., may be needed for proper Apfor— —0.446 ev/atom(assumingeSS, and E2, are un-

relaxation of the fully occupied O-A{Co, structure. With  changedl The bulk modulus is calculated to be 1.16 Mbar.
only pair interactions, some Co spacings shrank to the physi-

cally unrealistic distance of 1.84 A during relaxation. This
distance is near the strongly negative first minimum of

U%;ZO- Such spacings might be prevented by inclusion of |n conclusion, we have shown that a first-principles multi-
vy -, although the detailed nature of the many-body crosson expansion of the total energy calculated within the gen-
potentials has yet to be investigated. Fortunately, for lesgralized pseudopotential theory can faithfully reproduce the
than full Al occupancy, such mechanical instability does notaluminum-rich end of the Al-Co and Al-Ni binary phase dia-
occur. grams. The GPT total energy functional incorporates a full
Figure 10 displays the dependencev§P® on distanced  atomic-volume and composition dependence to its volume
and angled for isosceles triangles of Co near-neighbor ions.term and interatomic potentials, while providing a self-
For the triangles present in the two structures under considzonsistent treatment of all nearly-fre@ electron,sp-d hy-
eration,d/Rys~2. For the equilateral triangles in &0,  bridization, andd-d tight-binding contributions. At low
0=60°, while for the isosceles triangles in &k, 6  transition-metal concentrations, it suffices to truncate the ex-

V. CONCLUSIONS
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pansion at two-ion pair potentials. At higher transition-metalmulti-ion potentials may be approximately folded down and
concentrations, when transition metal ions have two or morgombined with the two-ion potential to form an effective pair
transition-metal near neighbors, three- and four-ion potenpotential®® This is an especially promising route to solving
tials are needed to correctly reproduce the known phase dighe difficulty of overbinding of transition-metal near neigh-
gram of A _,Ca,. bors with the existing pair potentials and could provide an
To understand stability of certain complex crystal struc-efficient means of extending the present treatment of
tures related to decagonal quasicrystals, it proves necessagy,  cCo, and Al,_,Ni, systems to highex.
to assume partial occupancy of many aluminum sites. Where ‘The (o setgAl-Co and Al-Ni) of binary alloy pair po-

experimental data on partial occupancy is availdb.it  yoniiais include five out of the six necessary interactions to
supports our assignments of partially pccupled sites. In. escribe aluminum-rich Al-Ni-Co ternary compounds. This
case of O-A13C04, we offer our calculations as a suggestion compound is noteworthy for its thermodynamically stable
for further expe_rlmental_ study_._ Lo decagonal quasicrystal phas@/e plan to create ternary in-
The GPT pair potentials utilized in this work may be €M reractions for this compound in order to create and evaluate
ployed more generally in structural relaxation and phonon

studies, and in Monte Carlo or molecular dynamics simula.&tomistic models of the quasicrystalline structure. Similar

tions. They can provide an efficient, but accurate, alternativg"€thods may be employed for Al-Cu-Co, Whi(_:h also _bpaStS
to other more time consuming and less flexible initio & Stable decagonal phaSand for Al-Cu-Fe, which exhibits

methods. At high transition-metal concentrations, howeverd Stable icosahedral quasicrystal ph¥se.

many-body interactions must be considered. These are cur- e wish to acknowledge useful discussions with Jun Zou,
rently quite time consuming to evaluate from first principles,rop phillips, and Eric Cockayne. The first autHed.W.)
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