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X-ray diffuse scattering in the icosahedral quasicrystal Al-Pd-Mn
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Several isointensity contour plots of diffuse scattering around Bragg reflections have been obtained at 300
and 20 K on planar sections of reciprocal space perpendicular to twofold axes. The geometry of the experi-
ments was such that circular contours were expected on the basis of elastic isotropy, demonstrated by the speed
of sound being uniform in all directions. Instead, the profiles were markedly elongated along a twofold axis, a
direct indication of scattering due to phason fluctuations. The 1/q2 dependence of diffuse scattering was

verified in the neighborhood of the (0 4 6 0 4̄6) Bragg reflection, but not near the (5 3 3 3 1 1̄), a possible
indication of lack of equilibrium in the phason fluctuations.
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I. INTRODUCTION

A perfectly periodic crystal, without lattice defects su
as vacancies, interstitials, dislocations, thermal motion, e
does not produce any diffuse scattering. The diffraction p
tern of such a crystal consists of sharp and narrow Br
peaks, and no scattering is visible between Bragg pe
Strictly speaking, this statement is true for coherent sca
ing. If incoherent scattering is present, such as Comp
scattering in the case of x rays, a continuous backgro
may be present, whose variations in reciprocal space
quite smooth and do not correlate with the positions of
atoms in the crystal. Compton scattering is also inelastic
it can be removed, at least in principle, by an energy an
sis.

Even the most perfect crystals, such as silicon and ger
nium, with essentially no lattice defects, exhibit an app
ciable amount of diffuse scattering. This is due to therm
vibrations, which cause the crystal to appear disordered
fact, the time of flight of each individual x-ray photo
through the crystal is much smaller than the period of th
mal vibrations, so every phonon ‘‘sees’’ a different crystal,
which most of the atoms are out of their lattice position
Thermal diffuse scattering~TDS! is temperature dependen
and is present even atT50 K, due to the zero point energy

In a perfect crystal such as silicon or germanium TD
would be the only source of diffuse scattering~apart from
Compton scattering!. But in a quasicrystal the situation i
quite different because there is no periodicity, and some
tice disorder is present as an inherent feature of the cry
structure, which exhibits sharp Fourier components eve
the absence of periodicity.

We decided to concentrate on icosahedral Al-Pd-Mn,
cause it is a very ‘‘perfect’’ quasicrystal, in the sense tha
produces x-ray rocking curves extremely sharp~15–30 arc-
sec!, comparable to those produced by germanium and
con. Since diffuse scattering is quite sensitive to the ato
locations, we hope that this work will be useful for evalua
ing models which specify atomic locations in quasicrysta

Our work is meant to expand and complement other
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fuse scattering studies that have appeared recently in the
erature of quasicrystals. Previous studies of x-ray diffu
scattering in icosahedral structures were done in an Al-Cu
quasicrystal, the first high quality material that could be o
tained in large size.1,2 Extensive investigations of diffuse
scattering from the icosahedral phase of Al-Pd-Mn were p
formed by de Boissieuet al.,3 using elastic neutron scatte
ing. This scattering, close to Bragg reflections, was mos
due to phason disorder. All data could be interpreted by m
ing use of the elastic theory of quasicrystals, with two elas
constants. Detailed x-ray studies were performed more
cently by Capitanet al.,4 in which the effect of stoichiometry
was investigated in detail.

More recently, Le´toublon et al. further investigated the
nature of diffuse scattering in Al-Pd-Mn by x-ray and ne
tron scattering,5 and placed their intensity measurements
an absolute scale, in order to obtain the numerical value
the phason elastic constants. They also showed that dif
scattering does not depend on lattice defects.

II. EXPERIMENT

The sample was the same as that used in a separate d
scattering experiment in which use was made of an imag
plate as a detector.6 A detailed description of the specime
was given in Ref. 6, and it is partially reproduced here. T
sample was a thin slice of Al71.0Pd20.5Mn8.5 cut perpendicular
to a twofold axis~within 0.25°), and diamond polished o
both sides. The thickness was 0.385 mm, as measured w
micrometer. A perfect region was selected, in which a s
chrotron beam from a perfect Si crystal monochroma
would produce a sharp diffraction peak with no appar
broadening~about 20 arcsec wide or less!. To make sure that
the same crystal region was used in all experiments, the c
tal was set against a thick copper plate with a 1.5-mm h
The crystal and its specimen holder were placed inside
closed circle refrigerator. We took two sets of data, at ro
temperature~300 K! and at 20 K. All data described in thi
paper were taken at the National Synchrotron Light Sou
~NSLS! of Brookhaven National Laboratory, on beam lin
©2002 The American Physical Society02-1
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X18-A. The incident x-ray beam size was less than
31.0 mm2. The x-ray energy was 17.4 KeV, correspondi
to Mo-Ka, (l50.711 Å). Polaroid photos were taken u
stream and downstream with respect to the sample, to m
sure that the x-ray beam was not blocked even partially
the sample holder for every change of orientation. All me
surements were taken in a transmission geometry. A sci
lation detector was used throughout all measurements. T
cal scans were planar scans, on planes perpendicular
twofold axis, in the neighborhood of a strong Bragg refle
tion, the (4 6 0 4̄6 0) (Qx50.790, Qy50.0, Qz50.0; M
5336; N5208). The conventions on the sixfold Miller in
dices notation, and the conversion to a three-dimensio
~3D! reciprocal lattice, are those of Ref. 7. A reciprocal la
tice vectorQ is given by Q52 sinu/l. A typical 2D scan
across the planeQx50.790 Å21, at room temperature, i
shown in Fig. 1. A very similar plot was obtained at 20 K. A
we depart a little from the Bragg reflection, (Qx
50.793 Å21 and DQx50.003 Å21), the isodiffusion con-
tour profiles keep the same shape, albeit with a weaker
tensity ~Fig. 2!. A plot taken atDQx520.003 Å21 ~not
shown here! is almost identical. While the earlier studies
diffuse scattering in quasicrystals1,3–5 were done in the
neighborhood of Bragg reflections, in this work we explor
regions of the reciprocal space at some distance from
Bragg spots.

As we depart more from the Bragg reflection, the profi
acquire different shapes and the overall intensity beco
weaker and weaker. Figure 3, for example, correspond
the planeQx50.781 Å21 (DQx520.009 Å21) and Fig. 4
corresponds to the planeQx50.798 Å21 (DQx5
10.008 Å21). Notice the lack of symmetry in the diffus
scattering around the Bragg reflection, for relatively lar

FIG. 1. Experimental contour profiles of diffuse scattering
the (k,l ) plane. Units for the (hkl) axes are in Å21. The Bragg

reflection (4 6 0 4̄6 0) is at the center of the plot. The numbers a
intensities in arbitrary units, on a logarithmic scale~base 2!.
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values ofDQx . Such a lack of symmetry was not observ
in proximity of the Bragg reflection. The same plots taken
20 K were almost identical, except for a small increase
intensity, in rough agreement with a change in the Deb
Waller factor.8

III. DISCUSSION

All scans on planes perpendicular to theQx direction
clearly show a twofold symmetry. This is to be expecte
because theQx direction is a twofold axis. LetGi be the

FIG. 2. The same as Fig. 1, except that the (k,l ) plane is slightly
off the Bragg reflection (DQx50.003 Å21).

FIG. 3. The same as Figs. 1 and 2, except thatDQx5
20.009 Å21.
2-2
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magnitude of the (4 6 0 4̄6 0) reciprocal lattice vector
(50.790 Å21). The scattering vector in our setup was p
pendicular to theQx5Gi plane, when the Bragg reflectio
(4 6 0 4̄6 0) was excited, which would correspond to t
central point of Fig. 1. The scattering vector was almost p
pendicular to the plane of Fig. 1 at any other point of t
figure. For example, the angle of the scattering vector w
the plane of Fig. 1 would be about 88° at any of the fo
corners of the figure. It is then clear that the angle betw
the scattering vector and the plane of Fig. 1 is constant
any circular contour centered at the center, such as
shown in the figure.

Icosahedral quasicrystals are considered to be elastic
isotropic, as a result of their symmetry properties. In fact,
speed of sound has been measured in several directions
found to be uniform within 100 parts per million.9 Now, we
know that the elastic properties of an isotropic medium c
be described by means of two elastic constants, for exam
the longitudinal and the shear speeds of sound. For qua
rystals, this has been shown by several authors.10–12We will
adopt the view, in this paper, that quasicrystals can be
scribed as isotropic media. For example, they can be
scribed as crystals having cubic symmetry, in which the c
dition for isotropy,

c112c1252c44, ~1!

is satisfied. In fact, symmetry operations like those that l
to a reduction in the number of elastic constants, from 21
a general solid with no symmetry, to 3 for a solid with cub
symmetry, can be used for a solid with icosahedral symm
to reduce the number to 2. In the case of an isotropic so
the dynamical equations for sound waves~for example, Eqs.
10.9 in Ref. 13! are simplified, and forany wave vectork
there is one solution corresponding to a longitudinal wav

FIG. 4. The same as Figs. 1 and 2, except thatDQx

510.008 Å21.
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v l5Ac11/r, ~2!

wherer is the density of the material andv l is the longitu-
dinal velocity!, and two degenerate solutions correspond
to transverse waves of arbitrary polarizations:

v t5Ac44/r ~3!

~wherev t is the transverse, or shear velocity!. Consider now
the expression for the first order x-ray diffuse scattering
tensity, at a given pointP in reciprocal space, for an isotropi
monoatomic crystal. It can be derived from Eq.~11.36! of
Ref. 14. A similar expression for quasicrystals is given
Ref. 15. The expression given here has been adapted to
experimental conditions under which the contour plot of F
1 has been obtained.

I 1~S/l!5 f 2e22M
kT

Vcm
•S uSu2/l2

q2 D S cos2g

v l
2

1
sin2g

v t
2 D ,

~4!

whereS5V̂s2V̂0 ; V̂0 is the incident beam unit vector;V̂S is
the scattered beam unit vector;l is the wavelength of the x
rays; f is the atomic scattering factor;e22M is the Debye-
Waller factor;k is the Boltzmann constant;v l is the longitu-
dinal sound velocity;v t is the transverse sound velocity;T is
the temperature;Vc is the volume of the unit cell;m is the
atomic mass;q is the phonon wave vector, issued at Bra
reflection, terminating at pointP5S/l2Gi ; and g is the
angle betweenS andq.

Consider now a pointP on a circumference of arbitrary
radius centered on the Bragg reflection in Fig. 1. As we
around the circle, theQ magnitude and the velocitiesv l and
v t are constant. Therefore, the intensity is the same at
point on the circle. This would not be true in the plots of R
3. It can easily be shown that second order diffuse scatte
~two-phonon scattering! is also expected to be isotropic~see
Sec. 1.6 in Ref. 14!. An example of an isotropic solid giving
circular contours of diffuse scattering is that of tungsten.16

It is therefore somewhat surprising to see the contours
Fig. 1 definitely departing from a circular shape. The reas
for this is that a large fraction of diffuse scattering is due
phasons, whose velocities are not supposed to be isotro

The departure from circular symmetry visible in Fig.
can therefore be directly connected with the existence
phasons in Al-Pd-Mn, which can indeed produce anisotro
diffuse scattering,15 as proved by the anisotropic ultrason
attenuation observed by Amazitet al.9 The question may be
asked whether or not this lack of circular symmetry can a
be observed around other Bragg reflections.

In a separate experiment, described in Ref. 6, we to
diffuse scattering data using a technique called the ‘‘mo
chromatic Laue method.’’ This method simply consists
keeping a crystal stationary on a monochromatic x-ray be
and recording the diffraction pattern on a flat film,~in our
case, an imaging plate! perpendicular to the incident beam
placed downstream with respect to the crystal. In this w
each image corresponds to a spherical cap in reciprocal s
being projected on a plane. Three-dimensional regions
2-3
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reciprocal space can be explored by rotating the cry
around an axis perpendicular to the incident beam. Data w
taken in several million data points. Two-dimensional sca
on given planes in reciprocal space were then obtained
interpolation. Figure 5 shows a typical contour plot arou
the (2̄4̄ 0 2 4̄0) Bragg reflection, also located on a twofo
axis, with Qx520.4882, Qy50.0, Qz50.0, M5128, and
N580. It is clear that the asymmetry persists. The shape

FIG. 5. Contour profiles of diffuse scattering on the (k,l ) plane.

The Bragg reflection (2̄4̄ 0 2 4̄0) is at the center of the plot. Dat
taken with imaging plate, using the monochromatic Laue meth
m
gu
ra

th
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the profiles in Fig. 5 are very similar to those of Fig. 1. Th
phason scattering is present around all Bragg reflectio
most likely. This example shows the power and the con
nience of image plates as two-dimensional detectors. Siz
three-dimensional regions of reciprocal space can be sca
in minutes, as opposed to the hours needed to obtain t
dimensional scans such as those of Figs. 1–5, obtained
counting point by point, using a scintillation counter.

IV. COMPARISON WITH THEORY

Since the oval shapes of the iso-intensity contour plots
Figs. 1 and 2 cannot be produced by phonon scatter
which would generate circular plots, we will attempt to an
lyze the data in Figs. 1–4 in terms of phason scatteri
Compton scattering is also neglected in this analysis, beca
it is rather uniform over the regions depicted in Figs. 1–4

Diffuse scattering from equilibrium phason fluctuatio
are governed by the form of the elastic free energy.2,15,7If we
represent byw(q) the Fourier amplitude of a phason mod
with wavevectorq5(qx ,qy ,qz), then the phason elastic fre
energy is

F5
1

2E dq

~2p!3 w~2q!•C~q!•w~q!, ~5!

where the ‘‘hydrodynamic matrix’’ C(q)5K1C1(q)
1K2C2(q) with

C1~q!5S q2 0 0

0 q2 0

0 0 q2D ~6!

and

.

C2~q!5S q2/31qy
2/t2tqz

2 22qxqy 22qxqz

22qyqx q2/31qz
2/t2tqx

2 22qyqz

22qzqx 22qzqy q2/31qx
2/t2tqy

2D . ~7!
et
t

is-
Although the current experiments have been performed
T5300 K, and the phasons are presumably not in ther
equilibrium, we suppose that they are frozen into a confi
ration representative of equilibrium at some higher tempe
ture.

The diffuse scattering intensity can be derived from
free energy@Eq. ~5!# through Gaussian integration.2,15,17The
resulting diffuse intensity at the pointQi5Gi1q is propor-
tional to

I G~q!5G'•C21~q!•G' . ~8!

HereGi is a Bragg peak position, andG' is its perpendicular
space component. For the (4 6 0 4¯6 0) and (2̄4̄ 0 2 4̄0)
peaks, bothGi andG' lie along thex direction. Hence their
at
al
-
-

e

intensities are given by the ‘‘11’’ element ofC21. In the
plane perpendicular toGi we setqx50. The diffuse intensity
is then

I G~qy ,qz!

5
uG'u2

K1~qy
21qz

2!1K2~~21/321/t!qy
21~1/32t!qz

2!
.

~9!

Figure 6 shows contours of this function. We s
K2/K1520.65, a value slightly closer to the instability a
K2/K1523/4 than reported in prior experiments by de Bo
2-4
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sieuet al.3 Note the diffuse scattering contours are elonga
in theqz direction, with an aspect ratio similar to that seen
Figs. 1 and 5.

As we depart from the Bragg reflection~Figs. 3 and 4!,
the oval shape is lost. The calculated profile in Fig. 7 bea
striking resemblance with Fig. 4. We would be tempted
conclude that the agreement between theory and experim
persists at some distance from the Bragg reflection.
problem is that the theory predicts perfect symmetry w
respect to the sign ofqx . In other words, the intensity give

FIG. 6. Diffuse scattering plot on the (k,l ) plane. The Bragg

reflection (4 6 0 4̄6 0) is at the center of the plot. Units for th
(hkl) axes are in Å21. Calculated from elasticity theory.

FIG. 7. The same as Fig. 6, except that the (k,l ) plane is off the
Bragg reflection (DQx50.008 Å21).
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by the equation forI G(qy ,qz) derived forqxÞ0 ~not given
here! is the same for6qx . Such symmetry is indeed ob
served for planar plots located near the Bragg reflect
(qx560.003 Å21). However, as we depart from the Brag
reflection~Figs. 3 and 4!, the plots look quite different. The
qx values (20.009 and10.008! differ in magnitude by an
amount corresponding to the experimental error. At the m
ment we have no explanation for the difference in the i
intensity contour plots of Figs. 3 and 4. This subject deser
further study.

V. 1ÕQ2 DEPENDENCE OF DIFFUSE SCATTERING

Equation ~4! shows that the diffuse scattering due
phonons should be proportional to 1/q2, whereq is the pho-
non wave vector, defined by

S/l5Gi1q, ~10!

whereS/l is the scattering vector andGi is the Bragg reflec-
tion under consideration. The general formula~11.36! in Ref.
14 does in fact predict a 1/q2 dependence. Equation~4! was
obtained under the assumption of elastic isotropy. The sa
result applies to quasicrystals~see Eq. 1.15 in Ref. 15.!. So it

FIG. 8. Diffuse scattering near a Bragg reflection: t

(0 4 6 0 4̄6). Its coordinates in reciprocal space areQx50, Qy

50, andQz50.78995 Å21. This was a scan along a straight lin
going through the Bragg reflection and the origin~a u-2u scan!.
Low-Q side. Values on abscissa are distances from the origin
reciprocal space.

FIG. 9. The same as Fig. 8, except that this is the high-Q side.
2-5
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is interesting to verify this point. To answer this question
explored the environment of two Bragg reflections. We p
formed u-2u scans, which are along straight lines in rec
rocal space, going through the origin and the relevant Br
reflection. Portions of the scans are shown in Figs. 8 an
The relevant Bragg reflection is the( 0 4 6 0 4̄6; M5336,
N5208!. The Q components areQx50.0, Qy50.0, andQz
50.790 Å21. It is one of the strongest reflections, withQ'

50.0272 Å21. The variable in abscissa is the magnitude
the scattering vectorQ5uS/lu. The two figures correspon
to the two sides of the Bragg reflection. The solid lines re
resent fits to a 1/qa function. The exponenta is found to be
1.92360.020 on the lowG side, and 2.07760.012 on the
high G side. It is not clear whether or not the differencea
22 is significant. The 1/q2 behavior seems to be well esta
lished around the (0 4 6 0 4̄6) Bragg reflection.

However, if we look at the environment of another Bra
reflection, the (5 3 3 3 1 1̄), whereM5172 andN5108, the
situation is quite different. It is a rather weak reflection. T
Q components areQx50.244 Å21, Qy50.488 Å21, Qz
50.151 Å21, Qi50.566 Å21, and Q'50.0608 Å21. Fig-
ures 10 and 11 again show the low and high values ofQ, the
scattering vector. The Bragg reflection is located atQ
50.566 Å21. The solid curves represent the best possible
to 1/qa. Thea values are 2.2460.03 on the lowQ side, and
2.1860.03 on the highQ side. Clearly, there is no 1/q2 de-
pendence around the (5 3 3 3 1 1̄). It could also be due to
the fact that, while in a periodic crystal the Bragg reflectio

FIG. 10. Diffuse scattering near a Bragg reflection: t

(5 3 3 3 1 1̄). Its coordinates in reciprocal space are:Qx

50.244 Å21, Qy50.488 Å21, and Qz50.151 Å21. This was a
scan along a straight line going through the Bragg reflection and
origin ~a u-2u scan!. Low-Q side. Values on abscissa are distanc
from the origin in reciprocal space. Best fit is obtained with 1/qa,
with a52.2460.03.
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are widely spaced, the reciprocal space of a quasicrysta
uniformly filled with Bragg reflections, so there is no gua
antee that diffuse scattering should vary as 1/q2. This appar-
ent violation of the continuum elastic scattering theory2,15

deserves further study. Perhaps the phason fluctuations
not properly in equilibrium at this low temperature. Anoth
possibility is the effect of second order diffuse scattering18

VI. CONCLUSIONS

Isodiffusion contour plots of diffuse scattering on plan
perpendicular to a twofold axis have been obtained for
icosahedral quasicrystal Al-Pd-Mn. The scattering geome
was such that circular contours should have been obta
under the assumption of elastic isotropy. The fact that
profiles definitely depart from circumferences is a dire
proof that phasons contribute a significant portion of the d
fuse intensity.

The 1/q2 behavior has been observed to hold near
(0 4 6 0 4̄6) Bragg reflection, but not near the (5 3 3 3 1 1̄),
a possible consequence of lack of equilibrium in the pha
fluctuations at room temperature and below.
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