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Refractory high entropy alloys containing elements from the Ti, V and Cr columns of the periodic table
form body centered cubic (BCC) structures. Elements from the Ti column are noteworthy because they
take the BCC structure at high temperature but undergo a shear instability and transform to the hex-
agonal (HCP) structure at low temperature. We show that the instability of these elements impacts the
properties of the HEAs that contain them. In particular, the shear moduli are greatly reduced, causing
increased dynamic contributions to lattice distortion. Relatively large size differences between elements
] of the BCC/HCP column compared with the regular BCC columns create additional static contributions to
2017 MSC: . . . . . . . .
00-01 lattice distortion. These findings are supported by direct evaluation of elastic constants and lattice
99-00 distortion in four representative HEAs. Comparing moduli of HEAs with those of compositionally aver-
aged pure elements verifies the impact of BCC/HCP elements and allows us to estimate the compositions
at which the BCC phases become elastically unstable, and these predictions could be useful in material
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1. Refractory high entropy alloys

Many high entropy alloys (HEAs [1,2]) contain the refractory
elements found in columns 2-4 of the transition metal series in the
periodic table [3—5]. Elements in columns 3 and 4 (those starting
with V and Cr, respectively) take a body centered cubic (BCC)
structure at all temperatures below melting. In contrast, those in
column 2 (starting with Ti) are BCC at high temperature but
transform to hexagonal (HCP) at low temperature through a dif-
fusionless “martensitic” transformation known as the Burgers
distortion [6]. We refer to these as BCC/HCP elements. The re-
fractory high entropy alloys, even those containing BCC/HCP ele-
ments, form BCC structures as-cast, and have not so far exhibited
BCC to HCP transitions at lower temperatures.
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The Burgers distortion begins with an orthorhombic shear
deformation of the BCC structure [7]. The distortion breaks the
symmetry, splits the metal d-orbitals and reduces the Fermi level
density of states, hence lowering the total energy. To assess stability
against this distortion we consider the elastic moduli of these el-
ements and their alloys. Cubic structures have three independent
elastic constants, Cq1, Cip and Cy4 in Voigt notation; there are
correspondingly three conditions of elastic stability, the Born rules
[8]. The BCC/HCP elements violate these stability conditions at low
temperatures, and they are stabilized at high temperatures through
anharmonic vibrational entropy.

We will explore four representative refractory equimolar HEAs
comprised of elements drawn from overlapping squares [9] of the
periodic table. Two of the squares cover the Ti and V columns, and
hence contain both BCC/HCP and regular BCC elements. The other
two squares cover the V and Cr columns and hence contain only
regular BCC elements. Fig. 1 illustrates representative structures
within 128-atom cells simulated at T = 1200 K using hybrid Monte
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Fig. 1. Refractory HEA configurations at T = 300 K (quenched from 1200 K). Atomic species are color coded. Size indicates vertical height. NbTiVZr and HfNbTaZr contain both BCC/
HCP and regular BCC elements, while CrMoNbV and MoNbTaW contain only regular BCC elements. (For interpretation of the references to colour in this figure legend, the reader is

referred to the web version of this article.)

Carlo/molecular dynamics [10], then quenched to room tempera-
ture T =300 K using conventional MD, so as to preserve the
chemical order characteristic of high temperature. Displacements
of atoms off their ideal sites are clearly visible, especially in the
alloy systems containing BCC/HCP elements.

Pair correlation functions provide an alternate representation
of the HEA structure. Fig. 2 presents partial pair correlation
functions, separated into nearest neighbors (NN) and next
nearest neighbors (NNN). The separation is achieved by defining
pairs along the [111] direction as nearest neighbors and along
[100] as next nearest. Rather than display all ten partials [9], g4,
for each alloy system, we group them into three classes according
to which columns of the periodic table are represented; L and R
indicate the left-hand and right-hand columns respectively.
Several trends are evident. In all cases the NN correlations occur
at larger distances for L-L than L-R with R-R being shortest, in
keeping with the periodic table trend of decreasing atomic radius
from left to right within each transition metal row. NN and NNN
peaks overlap considerably for the two compounds containing
BCC/HCP elements, and the overlaps are greatest for the L-L
correlations which are specifically those of the BCC/HCP ele-
ments. In fact, summing the NN and NNN correlations, no sep-
aration can be observed between the NN and NNN peaks in these

partials, as has been separately noted in the case of NbTiVZr [9].
Such effects have been reported experimentally in the medium
entropy alloy HfNbZr [11].

2. Elasticity

We calculate elastic constants from stress-strain relationships of
the two-atom BCC unit cells using numerical two point central
differences as implemented in VASP [12] in the generalized
gradient approximation [13]. Energy cutoffs of the plane wave basis
sets are increased to 400 eV and k-point densities are increased to
3 x 3 x 3 to achieve convergence of 1 GPa on all elastic constants.
Elemental Cr is treated as an antiferromagnet. Because atomic co-
ordinates and lattice constants are fully relaxed, elastic moduli are
predicted for T = 0 K.

For all structures, we report the elastic moduli G;; and also the
Hill average [14] of the Voigt [15] and Reuss [16] polycrystalline
moduli. For cubic materials these are [17].

1
Ky = Kp = Ki = 3(Ci1 +2C1») (1)

and
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Fig. 2. Partial pair correlation functions averaged over molecular dynamics simulation at T = 300 K. L-L takes elements only from the left-hand periodic table column, L-R are
correlations of left-hand and right-hand elements and R-R takes only right-hand elements. For example in NbTiVZr, L-L includes Ti-Ti, Ti-Zr, Zr-Ti and Zr-Zr pairs, while L-R includes
Ti-Nb, Ti-V, Zr-Nb and Zr-V, etc. Solid lines are nearest neighbors (NN); dashed are next nearest neighbors (NNN).

5(Cy1 — Cy2)Cyy
3Cy1 — 3Cip +4Cyy’
= (Gy +Gg)/2. (2)

1
Gy = g(Cn —Cip +Cy), Gr=

We also report the Poisson ratio
0 = 3Ky — 2Gy)/(6Ky + 2Gy) (3)
and also the Zener anisotropy [18] (ratio of shear moduli)

Ap = Cya/p = 2C44/(C11 — C12) (4)

for which A = 1 indicates isotropy. In Eq. (4) we have defined the
shear moduli as C44 and

p=(Crp — Gi2)/2. (5)

Born rules for stability [8] require positivity of the bulk modulus Ky
and the two shear moduli, C44 and u. These, in turn, imply bounds
on the Poisson ratio —1 < ¢ <1/2, and positivity of the anisotropy
AZ >0.

Table 1 presents our results for pure elements of the transition
metal columns 2-4 (starting with Ti, V and Cr). Vales of C{; and Cy3
lie within 20% of experimentally reported values in all cases, while
values of the small C44 differ by up to a factor of 2. Notice the sta-
bility violations for BCC structures of the Ti column, verifying their
shear instabilities (1 <0) at low temperature. Moduli and elastic
stabilities increase, and Poisson ratios decrease, from left to right in
the periodic table as nuclear charges and chemical bonding
strength increase, and atomic volumes drop.

Moduli of our four BCC alloys are given in Table 2. Notice that
pair correlation function peak widths (see Fig. 2) vary inversely
with elastic moduli reported in Table 2; HCP/BCC alloys have the

broadest peaks and the lowest moduli. These were obtained by
applying a complete set of cell distortions while relaxing the atomic
coordinates within the distorted cells, then taking two point central
differences. VASP was run on a GPU to accelerate the calculations
[19,20]. We employed 3 x 3 x 3 k-point grids and an energy cutoff
of 400 eV. Three independent 128-atom configurations were uti-
lized for each value, resulting in 9 independent measures of C;; and
C44 and 18 measures of Cq, (i.e. taking Cy; and C33 as independent
values of C;1, etc.). Standard deviations of the moduli were 2 GPa or
less in every case.

To compare the moduli of HEAs with the individual elements,
we present composition-weighted average elastic constants,

ﬁij = Zxaq}7 (6)
o

in Table 3 (x, is the mole fraction of chemical species «). In almost
all cases, moduli of the HEA fall up to 20% below the averaged
elemental moduli, which we can understand as a reflection of the
intrinsic disorder of the HEA. The sole exception is the value of Cy;
for CrMoNDbV. Generalizing the Voigt, Reuss and Hill approach, we
apply the rule of mixtures to define the isotropic moduli

Ky = %K, 1/Kr = Y %a/Kj, K = (Kv + Kg) /2 7
o o

and similarly for G. Notice that we are averaging elemental values of
Hill moduli, Ky and Gy, because the individual elemental crystalline
grains are presumed randomly oriented. We employ Ky and Gy in
Eq. (3) for the Poisson ratio @, however the anisotropy is taken as
Az = 2C44/(C11 — C12)-
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Table 1
Calculated elastic constants of elemental BCC refractory metals (GPa). VRHZ stands for the Voigt-Reus-Hill averages and Zener anisotropy, Egs. (1)—(4). Stability violations are
in bold.
moduli G Ci2 Caq 0 G Ciz. Cag 0 G Ci2. Caq 0
VRHZ Ky Gy v Az K G ¢ Az K G v Az
element Ti \% Cr
moduli 95 115 41 —-10 278 143 24 68 444 62 99 191
VRHZ 108 —-10 0.55 —3.97 188 37 0.41 0.36 188 129 0.22 0.52
element Zr Nb Mo
moduli 87 93 34 -3 247 137 17 55 469 159 101 155
VRHZ 91 5 0.47 —-104 173 28 0.42 0.31 263 120 0.30 0.65
element Hf Ta W
moduli 73 116 53 —22 268 161 79 54 519 199 141 160
VRHZ 102 —54 0.83 —2.50 197 67 0.35 1.45 306 149 0.29 0.88
Table 2 0.05 T T T T T T T T T T T T
Elastic moduli (GPa) of BCC refractory HEAs.
+ o CrMoNbV P
moduli Cnp Ci2 Cyq n Cn C12 Cyq w o MoNbTaW
- = = = = = = — 0.04F | = HfNbTazZr -
VRHZ Ky Gy o Az Ky Gy 4 Az o NbTiVZr
alloy NbTiVZr CrMoNbV R |
moduli 161 103 29 29 354 143 51 105 °$ N
VRHZ 122 29 0.39 0.99 213 69 0.35 0.48 Q ]
alloy HfNbTaZr MoNbTaW N~ |
moduli 159 108 141 25 371 160 69 106 D
VRHZ 125 34 0.38 1.63 230 82 0.34 0.65 )
Table 3 | | | | | |
. . . . 0 1 1 1 1 1 1
Averaged moduli of BCC refractory elements as defined in the text (Eq. (6) and (7). o 200 200 600 300 1000 1200
moduli Ciy Ciz [ B Ci Ci2 Cay B T [K]
VRHZ Ky Gy 7 Az Ky Gy 7 Az Fig. 3. Isotropic atomic displacement parameter Ueq = A%/3 as defined in Eq. (8),
alloy NbTiVZr CrMoNbV including size effect (T—0 limit) and thermal displacements (slope).
moduli 177 122 29 27 360 125 60 117
VRHZ 134 19 043 105 201 65 035 052 dynamics to preserve the chemical order characteristic of 1200 K.
alloy HfNbTaZr MoNbTaW Averages were then taken over an additional 200fs or more of
moduli 169 127 45 21 376 164 84 106 molecular dynamics time, over all 128 atoms, and all four inde-
VRHZ 133 14 045 213 229 76 035  0.80 pendent configurations. All molecular dynamics simulations uti-

3. Atomic displacements

Atoms displace from their ideal lattice sites due to thermal vi-
brations and random placement of differing sizes. Sometimes
referred to as “lattice distortion” [21—23], this effect reflects the
interplay of thermal and interatomic forces creating displacements
with elastic properties that resist them. It is important because it
can provide a mechanism to strengthen the alloy [24,25].

We choose to define the lattice distortion, A, as the root-mean-
square average of the atomic displacement u from the ideal lattice
sites. This choice is advantageous because provides the isotropic
atomic displacement parameter [26], Ueq via

2
A= <‘u‘ > Ueq:%Az. (8)
Fig. 3 displays Ueq obtained from simulations over a range of tem-
peratures. For each compound, four independent N = 128-atom
configurations were drawn from MCMD simulations at T = 1200 K
and relaxed to T = 0 K. Each configuration was then equilibrated for
several ps at various temperatures using conventional molecular

lized VASP with settings as described in Section 2, except we
employ a2 x 2 x 2 k-point grid. MD simulations were performed at
the relaxed volumes.

Thermally excited atomic vibrations generate the dynamical
Debye Waller factor that scales diffraction peak intensities as
I(G) = Ip(G)e—2W, where G is a reciprocal lattice vector. In the case
of isotropic elasticity, 2W = Ueq|G\2 [27]. Random interatomic in-
teractions in our high entropy alloy create an additional static
contribution to the lattice distortion that remains even as T—0.
This is known as the size effect [28—30] and its contribution to the
Debye-Waller factor and to diffuse scattering were analyzed by
Huang [31] in the limit of dilute solutions. According to this theory,
the T = 0 K lattice distortion Ay should grow proportionally to the
variance of atomic size:

0q =/ {d?) — (&) 9)
Here we define the effective atomic size d, of species « in the HEA
as the peak position of the near-neighbor pair correlation function
Zaa (7). Lattice distortion and size variance are compared in Table 4.
Although A varies monotonically with o4, they are not directly
proportional. This may reflect the complexity of concentrated solid
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Table 4

Comparison of T = 0 K lattice distortion (Ag, units A) with atomic size variance (o,
A), and simulated slope of thermal displacements (dUgq/dT, A2[Kx10-4) with pre-
dicted slope (kgkp/272C, units A%2/Kx10-4).

A, - du, Keko A - du, kel
0 d ar 272C 0 d T 2m2C

CrMoNbV

alloy  NbTiVZr
0225 0341 0213 0259 0110 0239 0.131 0.122
alloy  HfNbTaZr
0.184 0314 0188 0.223 0.058 0.173 0.094 0.097

MoNbTaW

solutions, where correlations in chemical occupation can influence
the effective size of individual atoms. For example, an excess of
small atoms surrounding a large one may partially cancel the lattice
dilation due to the large atom, but an excess of large neighbors
could increase it.

Notice in Fig. 2 that the HEAs containing only normal BCC ele-
ments exhibit a preference for unlike (LR) neighbors. This means
that small atoms preferentially cluster around large, and vice-versa.
As a result, the static contributions to the T = 0 lattice distortions
are partially canceled by correlations, and the atoms remain close to
their ideal lattice sites. In contrast, for HEAs containing HCP/BCC
elements, there is no such cancellation. Indeed, there is a tendency
for Zr atoms to segregate [5]. As a result the static contributions
may even be enhanced by correlations, and the atoms displace far
from their ideal sites.

Thermal contributions to the atomic displacement parameter
can be evaluated from the phonon dispersion relation ws(k), where
w is the frequency of a mode of polarization s (e.g. longitudinal or
transverse) and k is the phonon wavevector. In the continuum limit
at long wavelengths, ws(k) =vsK? where the sound speed
vs = 1/Cs/p with G a suitable combination of elastic moduli, and p
the mass density. For example: Cs = C;; or Cy4, respectively, for
longitudinal or transverse sound propagating in the cubic [100]
direction; Cs = (C11 +2C1p +4Cyq)/3 o1 (C11 — C12+Cy4)/3 in the
[111] direction; Cs = (Cq + Cy2 + 2C44)/2, (C11 — C12)/2, or Cy4 in
the [110] direction [27].

Applying the law of equipartition for classical harmonic vibra-
tions, we have

kgT
Ueq = 3 Z/VBZ pVw2(Kk) (10)

where N is the total number of atoms in volume V. We evaluate Eq.
(10) by assuming a Debye density of states with isotropic sound
speeds, relating the Brillouin zone volume Vg; to the BCC lattice
constant a, and dropping factors of order 1, to obtain

Ueq = Z"BT kp, kp = </6m2N/V. (11)

The elastic constant Cis defined as an average over orientations and
polarizations via.

dk 1
C 2/471' C (12)

In practice we shall evaluate C through a multiplicity-weighted sum
over 2-fold, 3-fold and 4-fold symmetry directions.

Provided we remain in the harmonic approximation assumed in
Eq. (10), the thermal contribution to Ueq should simply add to the
contribution from the size effect [31], leading to linear variation
with respect to temperature T. Table 4 tests our prediction (Eq. (11))

and shows that the thermal displacements agree pretty well with
respect to our theoretical prediction. Comparing dUeq/dT to
kgkp/2m2C among the four compounds, we find these values agree
to within 20%.

4. Conclusions

In conclusion, we demonstrate that inclusion of BCC/HCP ele-
ments in refractory HEAs reduces the shear modulus
= (C11 — Cq2)/2.Indeed, a tetragonal distortion has been reported
in the Zr-rich regions of phase segregated BCC/HCP containing
HEAs [5]. This effect may be related to the elastic instability of the
BCC/HCP elements arising from the Fermi level lying in a peak of
the electronic density of states. Although inclusion of regular BCC
elements stabilizes the BCC HEA, it should be possible to drive the
system close to a shear instability by increasing the BCC/HCP con-
tent, and thereby achieving a high Poisson ratio and potentially
enhancing ductility. Examples of compositions predicted to be on
the threshold of low temperature instability based on the averaged
elemental modulus z are Nbg gs Tig 63 Vo.06 Zro2s and Hfo53 Tag11
Nbo.11 Zrg.2s.

We quantified the T =0 K lattice distortion Ay and demon-
strated growth of A(T) at T>0 is governed by the inverse elastic
moduli. At T = 0 we find that the atomic size effect contributes to
lattice distortion as predicted by Huang [31], but we found evi-
dence for other effects associated with interatomic correlations that
may either diminish or enhance distortion depending on whether
large and small atoms attract or repel. Engineering alloys to alter
interatomic interactions or to reduce shear moduli can thus
enhance lattice distortion and thereby potentially increase hard-
ness relative to undistorted structures with similar elastic moduli.
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