PHYSICAL REVIEW E VOLUME 60, NUMBER 4 OCTOBER 1999

Elongation of confined ferrofluid droplets under applied fields
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Ferrofluids are strongly paramagnetic liquids. We study the behavior of ferrofluid droplets confined between
two parallel plates with a weak applied field parallel to the plates. The droplets elongate under the applied field
to reduce their demagnetizing energy and reach an equilibrium shape where the magnetic forces balance
against the surface tension. This elongation varies logarithmically with aspect ratio of droplet thickness to its
original radius, in contrast to the behavior of unconfined droplets. Experimental studies of a ferrofluid-water-
surfactant emulsion confirm this predictidis1063-651X99)00210-X]

PACS numbd(s): 75.50.Mm, 75.70.Ak

[. INTRODUCTION formed diameter. The applied field is parallel to the plates.
We calculate the elongation of the thin film droplets as a

Ferrofluids[1] are oil- or water-based colloidal suspen- ; . . :
. . . . _function of various parameters of the problem. Prior studies
sions of permanently magnetized particles. In an applied

magnetic field, the particles align, creating a strong parama pf ferrofluid droplets in this geometi6, 7] have considered

netic response in the ferrofluid. Because they are fluids, thegc@mplet glongation unde_r applied field and its use as a tool for
suspensions can flow in response to forces. For e)Q,implgweasurmg surface tension between the ferrofluid and the sur-
ferrofluid droplets elongate parallel to applied fiel@s-7] founding immiscible flu'|d. . .

and undergo tip-sharpening transitidigs9). When a ferrof- A droplet of ferrofluid elongates under an applied field

luid droplet is confined between two plates in a “thin film” because of the demagnetizing fields of_magnetlc poles on the
surface of the droplet. Surface poles arise wherever the drop-

geometry, surrounded by an immiscible fluid, and a field i o .
applied perpendicular to the plates, it undergoes ﬁeldsjet magnetization has a component perpendicular to the sur-

induced bifurcationd10] leading to intricate labyrinthine face. The (Ijemagnet]zmg field that .th.ey create opposes the
patterns[11]. Ferrofluid emulsiong12] undergo structural magnetization, creating a demagnetizing energy that depends
transitions under an applied field from a randomly disperse n ;cjhe shapet_ O.f th?. dl(rjoplec';. The drorl);et elonga:es tot_redL_Jce
structure of the emulsion droplets to droplet chains, columndtS démagnetizing Tield and energy. because elongation in-
and wormlike structure13,14 depending on volume frac- ¢reases the surface energy of the system, an equilibrium

tion, sample geometry, and the rate of field application. shape is reacheq when the magnetic forces balance against
the surface tension forces.

We are interested in the elongation of ferrofluid droplets in th f freel ded th di ional droplet
under applied magnetic fields. While the elongation of freely h the case ot freely suspended three-dimensional droplets

suspended, three-dimensional droplets has been well anl‘f—e elqnga_tion can be calculated assumipg that the droplets
lyzed and observef2-5], the elongation of droplets in the are eIhpsmdaI N shap_e for small elongatlon_. Th? demagne—
thin film geometry still remains relatively unstudied. In this t|;|ng f|e!d IS th'usdynclifocrjng anq the ellpnfgatl(fjnlajcgr axis
geometry droplets are surrounded by an immiscible fluid andNus minor axis divided by minor a>9|$_s ound fo be pro-
are confined between parallel platese Fig. 1such that the portional to the undeformed droplet radius. The case of drop-

thickness between the plates is much smaller than its undé@ts confmed_ n the thin film geometry, however, IS more
complex as it involves two length scales, droplet thickness

and its undeformed diameter. In the limit of small aspect
— ratio (droplet thickness divided by its undeformed diamgeter
z the demagnetizing fields are nonuniform. They are stronger
near the edge of the droplet and fall off as &lvay from the
edge into the bulk of the droplet. Due to this falloff of the
field we find that the elongation divided by droplet thickness
is proportional to the logarithm of the aspect ratio. This im-
proves on the existing theor6] which assumes that the
demagnetizing field is uniform. We also perform an experi-
ment which supports our predicted logarithmic behavior.
Section Il of this paper presents our theoretical study of
the elongation of a ferrofluid droplet confined within a thin
FIG. 1. (a) A side view of a ferrofluid droplet confined between film. Our principal result is a predicted logarithmic depen-
two glass platestb) A top view of a ferrofiuid droplet elongating dence of elongation on droplet aspect ratio. We contrast this
under applied field. The dashed line shows the undeformed dropletesult with the corresponding elongation of unconfined drop-
N and S indicate the north and south magnetic poits.is the  lets. Section Il describes an experiment done with ferrofluid
demagnetizing field. emulsions that tests our theory. The experiment is in quali-

(b)
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tative agreement with our theoretical prediction, but differsare independent of the shape ®fdue to the fixed volume
guantitatively in at least one respect. In Sec. IV we discusgonstraint. Hence we concern ourselves with the droplet-

possible explanations of the discrepancy. surfactant solution interface, the area of whiclAismes the
perimeter. The perimeter of cross sectidoan be calculated
Il. THEORY as a power series ig

Consider a paramagnetic liquid droplet confined in a thin
film between two parallel plates with a gadpin the Z direc- S=27rg
tion (see Fig. 1L An immiscible liquid surrounds the droplet.
Let the thickness\ be much smaller than the radius of the As expected, the leading correction$ds second order i
undeformed droplet;y. This small aspect ratio since the perimeter should increase regardless of the sign of
A e. The relevant surface energy of the droplet is

p: 2_r0 (1) ES: 0'|:|SA, (6)

1+iez+0(53) (5)
16 '

provides the pseudo-two-dimensional character of the probahere o, is the surface tension of the ferrofluid—

lem. If a uniform, weak, fieldH, is applied parallel to the immiscible-fluid interface.

plate, the droplet magnetizes. The magnetization creates an The total magnetic energy of any paramagnetic body un-

opposing demagnetizing field whose strength depends on thaer applied field i§15]

droplet shape. The droplet elongates to decrease its magnetic

energy, reaching equilibrium when the magnetic forces bal-

ance against the restoring forces due to surface tension. In

this section we define the elongation of the droplet and cal-

culate the surface enerdgs and the magnetic enerdy, of  The magnetizatioM (r) is determined by the self-consistent

the droplet as a function of its elongation. By minimizing the equation

total energy with respect to the elongation we obtain the

elongation as a function dfly, ry, andA. M(r)=x[Ho+Hp(r)] 8
For simplicity assume the elongated droplet has a uniform L

cross sectioi®, independent of. This corresponds to a con- for linear susceptibilityy, where

tact angle of 90° between the paramagnetic liquid, the sur- ,

rounding fluid, and the glass plates, and a plate spacing much Hp(r)= f d?r' [M(r')-A(r')] r—_r3

less than the capillary length of the two liquids. Thus the s [r=r’|

droplet has straight edges if viewed from the sidee Fig. ,

1). The role of _the contact _angle will be discuss_ed later in +J d3r'[V-M(r')] r—r’ (9)

Sec. IV. We write the equation fdf in polar coordinates as % [r—r |3

a generic smooth perturbation to a circle,

EMz—%de?’rHo-M(r). (7)

is the demagnetizing field due to the magnetizatib(r),
r=a;+a,Cos 2. (20 with A(r’) being the outward normal at any point on the

surface. The surface integral gives the demagnetizing field
We only include a single harmonic, since we expect coeffigye to the surface poles which appear wherever the magne-
cients for the higher harmonics to be much smaller than  tization has a component normal to the surface. The volume
for small perturbations. The cross sectiBrhas semimajor ntegral gives the contribution to the demagnetizing field due
axis a, and semiminor axib [see Fig. )], with a;=(a  to volume charges which appear at points where the magne-
+b)/2 anday=(a—b)/2. We define the elongation of the tjzation has nonzero divergence.
droplet To calculate the magnetic energy we expdh@ndHp in

power series in the susceptibilify,

a
“=p L ©® M(H)=MP([)+MO()+ M)+, (10
We assume that the elongatiof,is much less than 1. Im- Ho(N=HY () +H@ () +HS (1) +---, (11)
posing the constraint that the volume of the dropletimes
cross-sectional argaemains constant we calculate whereM™(r) and H(E?)(r) are proportional to¢". Equating
. K terms in Eq.(8) of equal order iny we get
_ 0 _ 0

UTAFRIRT 2T (1K) @ M®(r)=xH, (12)

wherek=e/(2+ €). and
The surface energy is the sum of interfacial areas times

surface tensions between all pairs of the three phés®isl MO D ()= yHI(r). (13

glass, ferrofluid droplet, and immiscible fljid=or the case
of uniform cross-sectio90° contact angledroplets, the Note thatM)(r) is independent of because the applied
glass-ferrofluid and glass—immiscible-fluid interfacial areadfield is uniform whereas("(r) may depend onr{ for n
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>1 becauséi(r) may be nonuniform. To second orderjn  This result differs from an earlier theofg] which omits the

we write the magnetic energy of the droplet in Eg). as logarithm because it assumes that the demagnetizing field is
uniform inside the droplet.

Loz 1 [ e (D) L@ In the case of unconfined, nearly ellipsoidal drop|ét$),
Em= —EXHoV—zf d* M- Hp”. (14 the demagnetizing field is quite uniform inside the droplet.
Y The demagnetizing energy is therefore proportional to the
The first term in Eq(14) for the magnetic energy is in- volume (mr3) of the droplet according to Eq14). The
dependent of the shape of the droplet and hence unimportastirface energy is proportional to the arear¢4) and the
for our consideration. The second term in the energy is thelongation is thus proportional tg. In the case of thin film
demagnetizing energff, due to a uniform magnetization geometry, however, the demagnetizing field is very nonuni-
MM =yH,. BecauseM® is uniform there are no volume form. For distances much less thAmear the droplet edge,
charges, and the surface poles appear only along the droplethe component of the demagnetizing field is of ordér
immiscible-fluid interface, to first order iry. Rewrite the since the edge acts like an infinite sheet of charge in the first
second term in Eq(14) as an energy due to the induced approximation. For distances much greater tathe de-
surface charges along the curved surface of the droplet  magnetizing field is of ordeM A/r, with r the distance away
R R from the edge, since the edge acts as a line charge in this
E 21 zfAdszdz’ % ds § ds (A-Ho)(A"-Ho) case. The contribution to the integral for the demagnetizing
b= X 0 0 [r—r’| ' energy in Eq(14) mainly comes from the bulk of the droplet
(155 and goes asoA2In (ry/A). The surface energy is propor-
tional to 27ryA and the elongation is therefore proportional
Heredsandds'’ are infinitesimal arc lengths along the con- to A In (rq/A). The logarithmic variation of elongation with
tour of the dropleC, andfi andfi’ are the outward normals the aspect ratio is thus a signature of the nonuniform nature
to the curved surface of the droplet at poirts2 and of the demagnetizing field inside the droplet.
(s',z"), respectively.

Write [r—r’|=JR?+(z—2')?, whereR is the in-plane IIl. EXPERIMENT
distance between points at positianands’ on C. Integrat-
ing overz andz’ in Eq. (15) yields[10] Setup
1. Sample preparation and structure
Ep=x*A jgds é ds’(A-Ho)(A"-Ho)P(R/A), (16) Our sample consisted of a ferrofluid—aqueous-solution
emulsion confined between two glass plates. The oil-based
where ferrofluid used was EMG 905 made by Ferrofluidics with
susceptibilityy=1.9 and saturation magnetization of 400 G
®(R/IA)=R/IA— 1+ (R/A)? [16]. To reduce the surface tension between the ferrofluid

and the immiscible aqueous external phase, we incorporated
+In(RIA)/[V1+(R/IA)*=1]. (17 surfactants in the aqueous phase. A solution of a commercial
) o . detergent made the best emulsions while solutions with other
Using Eq.(2) for C we calculate the demagnetizing energy in re anionic surfactants either showed hardly any elongation
Eq. (16) as a series expansion inand the aspect ratip  of the ferrofluid droplets under an applied field or produced
=A/2r, droplets without sharp boundaries with the aqueous phase. In
contrast, our stable, well behaved emulsions allowed us to
ED=X2H§V 2pIn E—Sep In9+--- ' (18) probe and confirm the fundamental _aspects of our model._
To prepare the emulsions, a single drop of ferrofluid
(~0.1 ml) was added to 10 ml of surfactant solution, which
where V=rrfA is the volume of the droplet, an®  was a 12 times dilution of the commercial detergent. The
=4e 1?=2.43 andC=4e °=1.74 are geometrical con- |iquid was shakerfby hand to prepare the emulsion, creat-
stants. The term in the brackets can be identifiedratifBes  ing ferrofluid droplets with diameters varying from5 to
the demagnetizing fact¢d 5] of the droplet along the direc- 200 um. A small amount of this emulsion was then put be-
tion of applied field. Additional terms in the series in EQ. tween two glass plates which were circular, about 2 cm in
(18) are of higher order i or in p. For small elongation and diameter and 4 mm in thickness. These plates were cleaned
small aspect ratio we may neglect these higher order terms;sing soap and alcohol and then rinsed with ROPure water.
Minimizing the total energfe=Eg+ Ey with respecttae  We also tried acid cleaning of the glass plates, however, it

gives did not result in any noticeable change in the quality of the
_— sample. '

X HoA | E (19 We used a rectangular spacer made of Mylar foil to sepa-

€~ OF : p’ rate the plates and prevent the emulsion from leaking out

from the edges of the plates. The Mylar foil extended to the
Corrections to this result are higher order in aspect atio ~ edges of the glass plates and had a rectangular hole in the
higher order ine itself. Interestingly, the elongation depends center into which the emulsion was inserted. The thickness
only logarithmically on the undeformed radiug, and has a of a single Mylar spacer was measured to be 6.54
much stronger dependence on the thicknkess the droplet. +0.06um. The experiment was performed with one and
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FIG. 3. A low magnification view of the sample showing fer-

rofluid droplets in emulsion.
FIG. 2. A schematic diagram of the experimental setup. LS is

the light source, HC is the Helmholtz cofis the sample, TM is  droplets remained constant at constant field. Experiments
the Tele-microscope, CCD is the CCD camera, VR is the videovith decreasing field strength showed no hysteresis in drop-

recorder, andC is the computer. let shape. While droplet elongations were observed to be
small we incremented the field in steps of about
two spacers to ensure small aspect ratio. 1G(10 *T), and increased the increments up to about 5 G

For the cell assembly, the Mylar spacers were placed oms the elongation increased. Droplet elongations appeared to
the first plate and a drop of the emulsion was put in thevary smoothly with applied fields over the entire range from
center of the plate. The second plate was placed on top arfdito 50 G.
the two plates were clamped together using a pair of brass During each experiment the droplets were observed on a
rings. The rings were tightened by a set of four equallyvideo monitor and recorded on tape. Figure 4 shows a drop-
spaced screws. We measured the thickness variation acrds$ with ro=132.5um and A=13.1um elongating under
the sample by making a “dry” sampléwithout the emul- applied field at 50 G, typical of the highest field used in our
sion) and counting resulting white light interference fringes. experiment. After grabbing images of distorted droplets, we
Although the thickness of Mylar spacers was measured to ansed a cutoff in pixel gray scale level to identify the droplet
accuracy of 1%, the thickness variation across the sampledge. The semimajor axi® and the semi-minor axigb)
was found to be 10% resulting from the stresses due tavere directly read off the image usinglH Image At zero

clamping and possible entrapment of dust in the cell. field measured elongations were smatims magnitude
around 0.00Band in random directions. These minor pertur-
2. Apparatus bations from a circular shape were likely due to microscopic

A schematic diaaram of the experimental setup is Showr(]jistortion of the contact line pinned on weak surface hetero-
9 P b geneities. The “observed radiug’y was calculated as the

in Fig. 2. We put the sample at the center of a pair of Helm- f1h ; field and the el .
holtz coils to ensure a homogeneous magnetic field. The fiel verage o the two semiaxes at zero ieid an the e or_lgatlon
' a{ each field value was calculated using data analysis soft-

measured close to the sample using a Hall probe showed
o ware.
variation of less than 4% across the sample. The sample was

set up horizontally to prevent gravitational settling of the 4. Results
ferrofluid droplets. Horizontal alignment was achieved using , .
a bubble level. For each of the 48 droplets studied we plotted elongation

The sample was illuminated from below using a diffused€ Versus the square of the applied fietith. Figure 5 shows
light source and observed from above using a tele-
microscope. The tele-microscope was connected to a charge-
coupled devicé CCD) camera and the image from it was fed
into a video recorder and recorded on videotape. Images
from the recording were later processed ushigl Image
We calibrated the optical system using a measuring reticule
aligned along the two orthogonal directions of the CCD ar-
ray. Figure 3 shows a low magnification view of a typical
sample. The ferrofluid droplets appear much darker in the
image than the surfactant solution around them.

3. Experimental procedure and image analysis

During the experiment the applied field was incremented FIG. 4. A ferrofluid droplets withro=132.5um and A

every few seconds. We found the response of the droplets t613.1,m elongating under an applied magnetic field of 50 G. The
the field to be nearly instantaneous and the shape of thebserved elongation is 0.56.
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FIG. 5. The plot of elongation v for droplets with different A=6.5um o
radii and two different thicknesses. The error bars are smaller than z 3r A=13.1pm
the size of the symbols on the plot. The symbols and radii for s 2t °
droplets with thickness spacing af=6.5um arex, 96.5um; @, § 1lo P A é%op
112.0 um, and +, 216.5um. The symbols and radii for droplets £ .A o o, o, © ®
with thickness spacing oA=13.1um are[-], 50.0 um; W, 98.0 = 0r Ciro Sl @ Q0
um; and®, 177.0um. - 1 5 ‘ Lt o
D A A o o]
o A 4
typical plots. The elongation is proportional to the square of " 27 o ¢
the applied field for small applied fields as predicted. Satu- < 3t
ration effects, although small, can be seen at higher values of 4 . ()
the field. To compare the experimental data to our theoretical 10 100
prediction(19), the plot of elongation for each droplet was 2ry/A

fitted to
FIG. 6. (a) The plot ofk, vs 1p=(2r,/A) on a log scale. The
dashed line is the best fit of the data to a straight lifi. The
deviation plot of the data from the best fit normalized by uncer-
tainty of each data point.
We included terms only up to ordd&fé because the satura-
tion effects were observed to be small. We includgeto In Fig. 7(@) we plot k; (the coefficient ofHS in eA)
allow for the observed small elongations at zero field. versus 1p=2r,/A on a linear scale. If the demagnetizing
The coefficients, of each droplet were then plotted ver- field inside the droplet was uniform as in the case of uncon-
sus the inverse of the aspect ratip%/2r,/A on a semilog fined droplets, the plot would be a straight line. However, the
plot (see Fig. 6. The theory predicts a slope gf/or and  plot is clearly not a straight line and the deviations from the
an intercept of 1 on the horizontal axis witic=1.74. The  best fitted straight line are systemafgee Fig. T)]. This
data points in Fig. @) fall on a straight line as predicted by further supports our theoretical result that the demagnetizing
the theory. Also, as predicted by the theory, the data pointfield inside a confined droplet is nonuniform and the elonga-
for two different droplet thicknesses overlay each othertion divided by thickness is proportional to the logarithm of
There is substantial scatter in the data, but the deviationthe aspect ratio.
from a straight line are random and consistent with the error

€ 2 4
K:k0+ k1H0+ kZHO' (20)

ba}rs. The _chief source of uncertainty was the 10% uncer- IV. DISCUSSION
tainty in thickness due to the variation observed across the
sample. Figure @®) displays the deviation ok, from the The results discussed in Sec. 1l agree with our theoretical

best fit normalized by the uncertainty. The uncertainties irprediction(19) of logarithmic variation ofe/A as a function
measuring, r,, andH, were found to be negligible in com- of 1/p=2ry/A. The predicted coefficient of the logarithm,
parison. XZH(Z)/aFl, is consistent with experimental observations.
Dividing the susceptibilityy= 1.9 for the ferrofluid used However, our theoretical value fo€ is 4e %6=1.74,
by the slope-0.119+0.004 cm/dyn obtained from the fitted whereas the experimentally measured value Gors 0.35
line we getop,=30.4+1.1dyn/cm, typical of oil-water sur- *0.08. To explain this discrepancy we consider the validity
face tensions. From the fitted line we also @ge+0.35 of two main assumptions, uniform magnetization and contact
+0.08, differing substantially from our theoretically pre- angle of 90°. We explore, qualitatively, consequences of de-
dicted value of 1.74. This discrepancy can be explained byiations from these assumptions.
considering the deviations from our two main assumptions of In Sec. Il we employ a perturbation expansion for small
uniform magnetization and uniform cross section of thesusceptibility. To lowest order, the magnetizativin=M ()
droplet. In the Discussion section below we explore the va= yH,, which is constant. For our experiments the suscep-
lidity of our assumptions and the qualitative effect of anytibility of the ferrofluid used was large, causing strong de-
deviations from them to our result. magnetizing fields near the edge of the droplet which, in
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elongatione; . We also define,, a,, b,, ande, associated
with the ferrofluid—immiscible—fluid—glass plate contact
line. SinceA is much less than the capillary length of the
ferrofluid—immiscible fluid, to a good approximatidi7]
the profile of the droplet will be an arc of a circle, so the
difference between; andr, is of orderA, and likewise for
the semimajor and semiminor axes. The differeace €, is

of orderA/r relative to the elongation. Recall that our result
(19 for the elongation is only the lowest order term in a
series expansion in the aspect ratio. Thus the distinction be-
tweenr, andr,, and betweer; ande,, does not alter our
result at the lowest order in aspect ratio.

A. Corrections to magnetic energy

Our assumption of uniform magnetization is valid for
small xy but for large y strong demagnetizing fields reduce
the in-plane component of the magnetizatidy and create
an out-of-plane componem,. This out-of-plane magneti-
zation induces a charge density on the top and bottom sur-
faces of the droplet while the reduction lgf, removes some
charge from the droplet edge. This charge redistribution nec-
essarily reduces the enerdsy, . Deviations of the contact
angle from 90° affect the magnetic energy in a similar fash-
ion because the inward or outward bulging spreads a given
amount of surface charge over a slightly larger area. Charge
redistribution reduces the values of the const@é&dC in
Eq. (18) but does not alter the coefficient of the logarithmic
terms.

FIG. 7. (a) The plot ofk; vs 1p=2r,/A and the best fit straight
line. (b) The deviation plot of the data from the best linear fit. The coefficient of the logarithmic terms remains un-
changed because the total charge within a distance of drder
turn, reduce the in-plane component of the magnetizatio#om a given point on the edge remains unchanged. Gauss'’s
and create an out-of-plane component of the magnetizatiol@W relates the charge near the edge of the droplet to the
near the edges. Consequently, the magnetic surface po|ggagnet|zat|on in the bulk. Although the demagnetlglng fields
near the droplet edge spread out in a manner that reduces tAEe strong near the edge they fall off as fiéyond a distance
magnetic energy,,. We discuss this effect further in Sec. of order A from the edge. The magnetization in the bulk
IV A. therefore remains uniform and equalNt®). Hence the total

We treated the case of contact angle 90° between the charge within a region of ordeA remains unchanged al-
glass plate and liquid droplet. The experiment, however, wadhough it gets redistributed.
performed with an oil-based ferrofluid in a surfactant solu- NOw consider the origin of the ord&fpIn p terms in Eq.
tion for which the 0i|_g|ass contact anglé< 90° (See F|g (18) These terms arise becalJSg falls off as 1f far from
8). A contact angle of other than 90° redistributes the magthe edge of the droplet. Therlfalloff in Hp causes a 1/
netic surface charges and changes interfacial areas. We covariation in the deviation o1 (r) from M(). After integrat-
sider these two effects in Secs. IVA and IV B, respectively.ing over space as indicated in E@) this 1f variation leads
First, however, we address an ambiguity in the definition oo a logarithm of the aspect ratio. Charge redistribution
aspect ratio and elongation which results from the nonuniforleaves the coefficient of therlfalloff unchanged because of
mity of droplet cross section. the conservation of charge described above. Viewed from

Our experiment observes the profile of the largest croséfar, the droplet edge remains effectively a line charge with a
section of the droplet. For a circular droplet wig<90° this  fixed linear charge density. Therefore the coefficient of the
is the radius; defined as the radius at midgap as shown inVpInp term is independent of the charge distribution.

Fig. 8. For an elongated droplet we measure the semimajor In contrast, the ordeV p terms in Eq.(18) depend upon
and semiminor axes; and b; and, through Eq(3), the details of the region close to the droplet edge. This is evident
by considering the total volume within a distangeof the
! r . I [ edge, estimated as an arkatimes the circumferences .
I 1 : 2 L We consider, for the moment, the case0. Since the drop-
' : : let volumeV=7r3A, andp=A/2r,, we see that the volume
: I near the edge is of ord&p. Surface magnetic poles create
: : an energy density in this region of space, leading to an order
Vp contribution to the demagnetizing energy that determines

FIG. 8. A ferrofluid droplet making an acute contact angle with the value of the constaf. Since charge redistribution low-

the glass plates. ers the magnetic energy, the valueBfs reduced.

) B<90°
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A similar effect is observed in the self-energies of abulging region by the circumference G6fmultiplied by the
current-carrying ribbon compared with a wire of circular projected area of the bulge. The contact afgamust be
cross section carrying the same current. The wire has adjusted so thaAgA changes by the negative of the change
smaller self-energy because its current is distributed over m volume of the bulge. Thus we write
volume whereas the current is concentrated on a surface for
the ribbon. The functional form of these self-energies is re- B 3 (77-/2—,8)_t A,

=i—=—tanB;—e
32| cogp r

lated to the demagnetization energy in Eg). In particular,

there are logarithmic terms whose coefficients depend on the .

total current but not on the current distribution, while the Usingr instead ofr, makes the above result exact for zero

quantity equivalent td is smaller for the wire than for the elongation. The area of ferrofl_wd in contact with the glass

ribbon. plates decreases with elongation for an acute contact angle
The demagnetization energy is always positive and debecause the volume_of the fluid contained in the o_utward

creases with elongation. A smaller demagnetization energulge of the droplet increases and therefore the fluid con-

(due to smaller value oB) should exhibit weaker variation tained in the bulk of the droplet decreases. For obtuse contact

with respect to the elongation. Thus, we expect the value ofngles exactly the opposite happens for similar reasons.

C for a bulging droplet with non-uniform magnetization to ~ Finally, consider how these corrections to magnetic and

be smaller than that for a straight-edged droplet with unifornmsurface energies affect the elongation calculated in(E9).

magnetization. This effect may explain why the experimenfor the case3=90° with uniform magnetization. The func-

tally determined value o€ is lower than the theoretically tional form of the magnetic energ$8) remains the same but
calculated value. the values of constant3 and C are smaller. The: depen-

dence of the surface energy remains quadratic, but the coef-

ficient now depends upon a linear combination of the three

surface tensiong,, ogg, andog. In our result for the
When the contact angle differs from 90°, the cross sectio|ongation(19) the constan€ will now have a value smaller

of the droplet depends an Consequently, the contact areas than 1.74 andrg, will be replaced by a linear combination of

of the glass plates with the droplet and with the surfactantne three surface tensions. F®# 90° the experiment cannot

_solution_ may vary as the dropl_et elongates. All the thregye sed to determiners unlessorg and o,g are known.
interfacial areas must be taken into account to calculate thgjnce g in general is not 90°, it is only possible to measure

Ag=27r3 1 . (23

B. Corrections to surface energy

surface energy. The total surface energy is the effective surface tension during elongation, andagt
ES= O'|:|AC+ ZUFGAG+20|G(A_AG), (21) itself.
where the three surface tensions between ferrofluid and im- V. CONCLUSIONS

miscible fluid, ferrofluid and glass, and surfactant solution e study the elongation ferrofluid droplets, confined in
and glass, are denoted by, , g, andog, respectively,  thin film geometry, under weak applied field. Our theoretical
Ac and Ag are defined below, and the total area of theca|cylations predict the elongation of a droplet depends loga-
sample is denoted bi. The factors of 2 in the second and jthmjcally on aspect ratio. This behavior contrasts with the
third terms of the surface energy account for the two glasgase of unconfined three-dimensional droplets where elonga-
surfaces. o . tion is directly proportional to undeformed droplet radius.

_ The area of the droplet-surfactant solution interfA¢8S  \ve measured the elongation of ferrofluid droplets in an ex-
given approximately by the circumference®multiplied by periment performed on ferrofluid droplets in a ferrofluid-
the arc length of the bulge, water-surfactant emulsion. The results of our experiment

3 (/12— ) agree with the functional form of our theoretical prediction,
1+ —EZ)A—. (220  however, the experimentally measured value®fdiffers
16 cospB from the predicted value. We suggest corrections due to high

. susceptibility and the droplet contact angle with the confin-
We user; here to calculate the circumference of the droplet.ng plates as a source of this discrepancy.

because it is the radius observed during the experiment. TO
first order in the aspect ratio, usimgorr, in Eq. (22) yields ACKNOWLEDGMENTS
the same result.
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